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TERMINOLOGY 
C o n t r o l S y s t e m 
An a s s e m b l y of d e v i c e s c a p a b l e of f o r c i n g one quan t i t y t o follow 
the v a r i a t i o n s of a n o t h e r q u a n t i t y . 
Signal 
A v a r i a b l e quan t i t y in a s y s t e m , such a s a v o l t a g e , a f o r c e , or 
an a n g l e . 
Input: Oi, Oj(s) , &i(t) 
The a r b i t r a r y s igna l which i s i m p r e s s e d on a s y s t e m , the i n d e -
penden t v a r i a b l e . 
Output: Q 0 , 0 o ( s ) , 0 o( t ) 
The s igna l p r o d u c e d by the s y s t e m . Often it d u p l i c a t e s the input 
s i gna l a s c l o s e l y a s can be a c h i e v e d . 
E r r o r : 0 e , 0 e ( s ) , Q-e(t) 
Often the d i f f e r e n c e b e t w e e n the input and the output s i g n a l ; in 
g e n e r a l , the e r r o r i s the d i f f e r e n c e b e t w e e n t h e a c t u a l output and 
the d e s i r e d ou tpu t . 
F r e q u e n c y - R e s p o n s e 
The c h a r a c t e r i s t i c of a s y s t e m d e s c r i b e d by the t r a n s m i s s i o n of 
s i n u s o i d a l s i g n a l s of v a r i o u s f r e q u e n c i e s . 
T r a n s i e n t - R e s p o n s e 
The n a t u r a l r e s p o n s e of a s y s t e m due to any d i s t u r b a n c e such a s 
a sudden change in the inpu t , 
L i n e a r S y s t e m 
A s y s t e m w h o s e c h a r a c t e r i s t i c s a r e i n d e p e n d e n t of the a m p l i t u d e 
of the s i gna l or of t i m e , 
V l l l 
T r a n s f e r F u n c t i o n : 1Q_ (s), i o _ ( s ) , X f L ( s ) , F ( s ) , G ( s ) 
0 e Oi V i 
T h e d e s c r i p t i o n of a c o m p o n e n t a s t h e r a t i o of o u t p u t t o i n p u t of 
t h a t c o m p o n e n t fo r t h e c a s e of a n e x p o n e n t i a l s i g n a l , e
s t , b e i n g 
t r a n s m i t t e d . 
R o o t - L o c u s 
F o r a s y s t e m w h o s e c h a r a c t e r i s t i c e q u a t i o n i s K G ( s ) + 1 = 0 t h e 
r o o t - l o c u s i s a p l o t i n t h e " s " p l a n e of t h e v a l u e s of " s " w h i c h 
m a k e G ( s ) a n e g a t i v e r e a l n u m b e r . A p o i n t a l o n g t h e l o c u s i s a 
r o o t if t h e g a i n , K , i s s e l e c t e d t o m a k e K G ( s ) = 1. 
Z e r o : z^ , z ^ 
A v a l u e of " s " w h i c h m a k e s a g i v e n f u n c t i o n , u s u a l l y F ( s ) , z e r o . 
On r o o t - l o c u s p l o t s , a z e r o i s d e n o t e d b y a s m a l l c i r c l e ( o ) . 
P o l e : P ] L , p 2 , p 3 
A v a l u e of " s " w h i c h m a k e s a g i v e n f u n c t i o n , u s u a l l y F ( s ) , i n f i -
n i t e . On r o o t - l o c u s p l o t s , a p o l e i s d e n o t e d b y a c r o s s ( x ) . 
P h a s e A n g l e : / F ( B ) , ' . / A , / B ~ , 0X 0 2 , fl3 , 0 
T h e a n g u l a r d i f f e r e n c e b e t w e e n t h e o u t p u t a n d i n p u t of a n y d e v i c e 
o r t h e d i s p l a c e m e n t of a v e c t o r f r o m s o m e r e f e r e n c e . 
M a g n i t u d e : | F ( s ) | , | A | , | "g | 
T h e r a t i o of t h e a b s o l u t e v a l u e s of t h e o u t p u t t o t h e i n p u t of a n y 
d e v i c e o r t h e a b s o l u t e v a l u e of a v e c t o r w h e n c o m p a r e d t o s o m e 
u n i t v e c t o r . 
C o m p l e x P l a n e : " s " 
A c o m p l e x v a r i a b l e i s r e p r e s e n t e d b y " s " w h e r e s = cr + j w . T h e 
e n t i r e d o m a i n of a l l " s " c o m p r i s e s t h e c o m p l e x p l a n e . 
R e a l V a r i a b l e : <T , C-, , V? 
A s i n g l e l i n e i n t h e c o m p l e x p l a n e r e p r e s e n t e d b y t h e r e a l a x i s . 
P o i n t of B r e a k w a y : 
T h e p o i n t a t w h i c h t h e r o o t - l o c u s d e p a r t s f r o m t h e r e a l a x i s . 
I X 
SUMMARY 
The root - locus method is only one of severa l methods for 
analyzing se rvomechan i sms and circui t theory p r o b l e m s . At leas t two 
mechanical dev ices , the Spirule and the Complex Plane Analyzer , have 
been developed as aids in solving for the root-locus.The problem p r e -
sented was to obtain the t ransfe r function of a given se rvomechan i sm 
using f requency-response techniques , to sketch the root - locus by 
establ ished ru les and methods , and then to compute the roo t - loc i using 
digital computing techniques . 
F requency- re sponse data for the uncompensated sys tem was ob-
tained using a c losed- loop, low-gain feedback sys tem. F r o m this data 
the asympotic approximat ions were constructed and the open-loop t r a n s -
fer function obtained. Derivative compensation was then taken from the 
motor a r m a t u r e voltage and applied to the amplif ier g r i d s . The 
f requency-response data obtained led to the open-loop t rans fe r function 
for the compensated sys t em. 
After a sketch of the root- locus was made from the t r ans fe r 
function, the Internat ional Bus iness Machines 650 Digital Computer was 
used to solve for the roo t - l oc i , using the Bell Telephone Labo ra to r i e s 
General Purpose System. P r o g r a m s were wri t ten to solve for complex 
points along the roo t - locus for t r ans fe r functions containing th ree po les , 
four p o l e s - o n e z e r o , and t h r e e p o l e s - o n e z e r o . 
The e s s e n t i a l p r o b l e m was one of so lv ing the equa t ion for the 
point " s - " in the " s " p lane at which 
V / v e c t o r s f r o m z e r o s to " s . " ••• 
J? / v e c t o r s f r o m p o l e s to " s . " = 180° + n(360°) 
w h e r e "n" i s equa l to any i n t e g e r or z e r o . T h i s equa t ion w a s so lved 
by s u c c e s s i v e a p p r o x i m a t i o n s , u s ing a l i n e a r a p p r o x i m a t i n g m e t h o d , 
unt i l the e r r o r w a s r e d u c e d be low s o m e p r e s c r i b e d v a l u e . Then the 
va lue of gain a t the point w a s d e t e r m i n e d by 
K = P r o d u c t of the m a g n i t u d e of the v e c t o r s 
P r o d u c t of the m a g n i t u d e of the v e c t o r s 
f r o m p o l e s to i rs?1 ' . 
4 a • i — — - j | — 
f r o m z e r o s to " S J " 
The i n t e r v a l s b e t w e e n s u c c e s s i v e po in t s w a s c h o s e n a r b i t r a r i l y 
a s 0 . 5 . The n u m b e r of p o i n t s c a l c u l a t e d v a r i e d wi th the p a r t i c u l a r 
p r o b l e m . T a b l e s a r e g iven showing the p r o g r a m s u s e d , flow c h a r t s 
i l l u s t r a t i n g the l og i ca l m e t h o d of so lu t ion and t a b l e s con ta in ing the coiri ' 
pu ted i n f o r m a t i o n . T a b l e s a r e a l s o g iven ind i ca t i ng the r a p i d i t y of 
c o n v e r g e n c e at s e l e c t e d p o i n t s a long the r o o t - l o c u s . 
Two p r o g r a m s w e r e w r i t t e n to so lve for the ga in a long the r e a l 
a x i s , s i nce the po in t s c o n t a i n e d in the r o o t - l o c u s w e r e known h e r e . 
T h e s e p r o g r a m s , flow c h a r t s and the c o m p u t e d i n f o r m a t i o n a r e g iven 
in the t a b l e s . 
XI 
The method of solution is rapid and accura te ; however , p r o -
gramming t ime is in general long and tedious . If only one problem 
were to be solved it would hardly be p rac t i ca l to use a digital computer . 
The method might be used to advantage in solving severa l p rob lems of 
the same type, or in investigating changes in the cr i t ica l frequencies 
for one par t i cu la r problem. 
CHAPTER I 
INTRODUCTION 
His tory . - -Severa l methods have been developed for investigating the 
performance of s e rvomechan i sms . These include the c lass ica l or 
differential equation method, the f requency-response method, the root r 
locus method and other methods which have been developed more r e -
cently. Each of the methods has i ts advantages and disadvantages . 
F r o m a control sys tem des igne r ' s point of view, the root - locus method 
offers many advantages once the locus of roots is obtained. The single 
disadvantage is the difficulty of obtaining this locus of r o o t s . A method 
of removing this difficulty is of p r i m a r y impor tance in this pape r . 
The root - locus method was f i rs t p resen ted by W. R. Evans in the 
a r t i c l e , "Graphical Analysis of Control Sys tems" , (Reference 1). It is 
descr ibed by him a s "a graphical method for finding the roots of the 
cha rac t e r i s t i c equation of the form F(s) + 1 = 0, in which F(s) is in 
factored fo rm" . Single loop control sys tems have the specified form, 
where F(s) i s the di rect t rans fe r function around the loop for a sys tem 
with negative feedback. The factors contained in F(s) a r e the t rans fe r 
functions of the components of the sys tem. If the t r ans fe r function of 
any component is not known then an approximation can be used if 
f requency-response data for the component is avai lable . After the 
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t r a n s f e r function is ob ta ined in ana ly t i c f o r m , the z e r o s and p o l e s of 
F ( s ) a r e p l o t t e d in the c o m p l e x p l ane and u s e d a s the b a s i s for s k e t c h i n g 
the l ocus of r o o t s v e r s u s t he loop gain a s v a r i a b l e . A g r a p h i c a l p i c t u r e 
is then p r e s e n t e d of the v a r i a t i o n in the c l o s e d loop p o l e s as a function 
of the open loop p o l e s and ga in . When p r o p e r l y i n t e r p r e t e d both the 
t r a n s i e n t and f r e q u e n c y r e s p o n s e s can be ob t a ined f r o m th i s l ocus of 
r o o t s . The m e t h o d is not l i m i t e d to s ing le loop c o n t r o l s y s t e m s but can 
a l s o be app l i ed t o m o r e c o m p l e x s y s t e m s or to p r o b l e m s of a d i f fe ren t 
type if the equa t ion can be put in the spec i f i ed f o r m . (2) 
One of the s ign i f i can t d i f f e r e n c e s in the r o o t - l o c u s m e t h o d l i e s in 
the fact tha t the t r a n s f e r func t ions of the i nd iv idua l c o m p o n e n t s r e m a i n 
s e p a r a t e , w h e r e a s in o the r m e t h o d s e a c h t e r m con t a in s a c o m b i n a t i o n 
of p a r a m e t e r s . Th i s i s i m p o r t a n t in c o n t r o l - s y s t e m d e s i g n , s i nce the 
effect of chang ing c e r t a i n p a r a m e t e r s m u s t be known. T h e r e f o r e any 
m e t h o d which d e t e r m i n e s the l o c u s of r o o t s shou ld do s o in a way which 
p r e s e r v e s the e f fec t s of t h e s e p a r a m e t e r s . F r o m t h e s e c o n s i d e r a t i o n s 
it i s ev iden t tha t the u s e f u l n e s s of the r o o t - l o c u s m e t h o d in the d e s i g n of 
feedback c o n t r o l s y s t e m s d e p e n d s d i r e c t l y on the e a s e wi th which the 
loc i can be c o n s t r u c t e d . 
The R o o t - L o c u s Method . * - - T h e b a s i c e l e m e n t s of the r o o t - l o c u s m e t h o d 
a r e i l l u s t r a t e d by c o n s i d e r a t i o n of the s y s t e m of F i g u r e 1, p a g e 8, a 
* T h e m a t e r i a l p r e s e n t e d in t h i s s e c t i o n i s t a k e n l a r g e l y f r o m C o n t r o l 
S y s t e m ; S y n t h e s i s by J . G. T r u x a l . New Y o r k : M c G r a w - H i l l Book C o m p a n y 
1955, p p . 2 2 3 - 2 2 6 
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s ing le loop f e e d b a c k c o n t r o l s y s t e m wi th the f o r w a r d t r a n s f e r funct ion 
F ( s ) . The c l o s e d - l o o p s y s t e m funct ion i s g iven by the r e l a t i o n 
Op(s) = F ( s ) .(1) 
Oi(s) 1 + F ( s ) 
In the u s u a l f e edback c o n t r o l s y s t e m , F ( s ) i s a r a t i o n a l a l g e b r a i c 
func t ion , the r a t i o of two p o l y n o m i a l s in " s " . 
F(s, = 2 i ± <2> 
q(s) 
Subs t i tu t ion of e q u a t i o n (2) in (1) g i v e s 
Qo(s) = P ( s ) / q ( s ) , (3) 
Oi(s) 1 + p ( s ) / q ( s ) 
Qo(s) s p(s) (4) 
OiCa) p(s) + q(s) 
Thus for the s y s t e m of F i g u r e 1, page 8> the z e r o s of the c l o s e d - l o o p 
s y s t e m funct ion a r e i d e n t i c a l wi th the z e r o s of the o p e n - l o o p t r a n s f e r 
func t ion , and t h e c l o s e d - l o o p p o l e s a r e the v a l u e s of " s " a t wh ich 
p ( s ) / q ( s ) = - 1 . The b a s i c dif f icul ty wi th d e s i g n in t e r m s of the L a p l a c e 
t r a n s f o r m a r i s e s b e c a u s e the p o l e s of the c l o s e d - l o o p s y s t e m funct ion 
a r e the z e r o s of the p o l y n o m i a l p(s) + q ( s ) . In any bu t the s i m p l e s t 
c a s e s , t he e v a l u a t i o n of t h e s e p o l e s for a g iven p^s) a n d q(s) i s a t e d i o u s 
job; if, in a d d i t i o n , t h e m o t i o n of the p o l e s wi th c h a n g e s in a s y s t e m 
4 
design p a r a m e t e r is des i r ed , s t ra ightforward (calculation becomes im-
prac t i ca l . 
The root- locus method is a graphical technique for determining 
the zeros of pt^)' + \(s) from the ze ros of p(s) and q(s) individually. Theni 
if a sys tem p a r a m e t e r is var ied , the corresponding changes in the zeros 
of p(s) + q(s) a r e investigated 
The root loci consist of all points in the " s " plane at which the 
o r o 
phase of the open-loop t ransfer function, -p (s ) /q (s ) , is 0 I or 0 + 
n(360°), where n is any in te rger or zero J . Or the root loci a r e the 
points at which the phase of p{s)/q(s) is 180 + n(360°), where n is any 
in te rger or ze ro . An a l te rna te definition:is that the root loci a r e plots 
of the var ia t ions of the poles of the c losed- loop sys tem function with 
changes in the opcen-loop gain, 
The root loci a r e thus the rqots of the equation F(s) - - 1 , as a 
function of the open-loop gain. Since F{s) is a complex function, one 
condition which mus t be satisfied is that the root loci consti tute all 
points in the " s t l plane at which 
F(s) : 180°+ n(360°) (5) 
where "n" is any in t e rge r , including ze ro . Equatiori (5) is the bas i s for 
all ru les and techniques for construct ion of the root loci . 
F(s) at any specific point in the M s " plane is conveniently m e a s -
ured in t e r m s of the angles contributed by the var ious poles and z e r o s . 
5 
Written in factored fo rm, a typical F(s) for a feed back control sys t em 
i s 
F ( S ) = K(s + z,l)(s + 2L2) (6) 
s(s +p2):{s + P3)(s + P4) 
At the point s i , F{s) takes the value 
F(sx) = K(s x + z; i)(S l + z7) (7) 
s\(sl + p 2 ) ( s x + p 3 ) ( s 1 + p4) 
The value of F(s j ) can be expressed in t e r m s of the vec to r s shown in 
Figure 2, page 9 as 
„ , . ._ K X B (8) 
* ( 8 1 ) = C D E f 
where the ze ros of the function a r e r ep re sen t ed on the " s " plane by 
small c i r c l es and the poles of the function a r e r ep re sen t ed by c r o s s e s . 
The angle of F ( s , ) is simply de te rmined by the angles of the vec to r s : 
& > = /A + / B - / £ - /D - / £ - / F (9) 
Thus , construct ion of the root loci involves the de terminat ion of those 
poin ts , "s . M , in the " s " plane at which 
Z^l^kro sj £ IH. ro sj = 180° + n (360°) 
(10) 
where Ilz K ro sj is the sum of the angles of the vectors from the 
ze ros to the point "s^" and £ 
IB. 
ro sj is the sum of the angles 
6 
of the vec to rs f rom the poles to the point " s . " , The second condition 
for " s . " to be a point of the cha rac t e r i s t i c equation is that the magn i -
tude of this function be unity. Referr ing to equation (8) the value of K 
which will make F(s^) equal to unity can be found from 
F(5J s / - fr \J\ lei (ii) n \c\ lol Ifl \r\ 
Thus, the value of gain for the point " s - " in the " s " plane at which 
equation (10) is satisfied is 
TT.r. P . r e s , < l 2 > 
K -
I I H - o *£»* roSi 
•» h 
where the numera to r is the product of the magnitude of the vec to rs 
from the poles to the point "a-" and the denominator i s the product of 
the magnitudes of the vec to r s f rom the ze ros to the point " s . " . 
J 
The difficulty of obtaining the root loc i is not a random p r o c e s s , 
however. The root loci a r e continuous c u r v e s , since the ze ros of a 
polynomial a r e continuous functions of the coefficients. Cer ta in ru les 
and re la t ionships pe rmi t rapid location of cer ta in p a r t s of the loci 
from which extensions can be made to de termine other parts . (3) 
Mechanical Aids . --At leas t two mechanical devices have been devised 
as aids in the construct ion of the roo t - locus . One of t h e s e , the 
Spirule , cons is t s of a t r anspa ren t p ro t r ac to r for the addition of the 
angles direct ly and a logar i thmic sp i ra l for ^multiplication of the 
7 
vector lengths to m e a s u r e gain.(4) In a second, the Complex Plane 
Analyzer , the addition of angles and logar i thmic magnitudes is a ccom-
plished electronical ly for a given po l e - ze ro configuration and a selected 
point in the n s " plane. 
Statement of the P r o b l e m . - -The p rob lem considered is divided into 
two p a r t s . The f i rs t pa r t was to obtain the t r ans fe r function of a given 
s e rvo -mechan i sm using f requency-response techniques , to sketch the 
roo t - locus , and then to obtain the root loci using digital computing 
techniques. The second pa r t of the p rob lem was to a r r a n g e the com-
puting techniques into a subroutine type of p r o g r a m in such a manner 
that a l te ra t ions in the poles and ze ros could be easi ly invest igated. 
0 L Cs) 
F ( « ) « - m q(s) 
e 0 w 
00 
Figure 1 . Single-Loop Feedback System 
o 
Figure 2 . Graphical Interpretation of F(s i ) . 
CHAPTER II 
TRANSFER FUNCTION DETERMINATION 
Method. --In o rde r to apply the root - locus method in the analys is of a 
servo sys tem it is f i rs t n e c e s s a r y to de te rmine the open-loop t ransfe r 
function for the sys tem. This can be done in a number of ways. The 
most common a r e the use of t rans ien t and f requency-response t ech -
niques . If the sys tem can be divided into separa te components which do 
not in terac t then the t r ans fe r function of each component can be ob-
tained by the above techniques . The open-loop sys t em function is then 
the product of all the individual t r ans fe r functions. 
The application of t rans ien t techniques to de te rmine the t r ans fe r 
function of components is readi ly applied providing the t ransfe r func-
tion to be determined can be r ep re sen t ed by a single t ime constant . As 
the number of t ime constants i nc r ea se s the method becomes more diffi-
cult and t ime consuming. Since many physical devices do have a t r a n s -
fer function represen ta t ion which is more complex than a single t ime 
constant , this method is se ldom used and has given way to the steady 
state f requency-response method. 
In the steady state f requency- response method, the output and 
input amplitude and phase a r e re la ted as a function of frequency. By 
plotting the output-input ampli tude ra t io as a function of frequency it is 
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possible to use logar i thmic approximat ions and determine the t rans fe r 
function readi ly . Using this method with the approximat ions , the d e t e r -
mination of complex t ransfer functions is only slightly more difficult 
than those of a single t ime constant . For this r eason this approach was 
best suited in determining the t rans fe r function of the servo sys tem to 
be invest igated, 
The Uncompensated System. - -The open-loop t r ans fe r function was 
des i red for the sys tem shown in F igure 3 , page 12. This sys tem is 
given in complete detail in F igures 32 and 33 in the Appendix, pages 
98 and 99 . Referr ing to F igure 32, page 98 , switch No. 1 controls 
the compensation and was to r ema in open throughout the exper imenta l 
procedure on the uncompensated sys tem. Switch No. 2 de te rmines 
whether the sys tem opera tes with or without feedback. 
The original approach was to de te rmine the t r ans fe r function of 
each component, then, by multiplying these toge ther , obtain the sys t em 
t ransfer function. This approach is only co r r ec t when loading effects 
of success ive components a r e sma l l . In this pa r t i cu la r sy s t em the 
assumption was not valid and a new approach was made toward d e t e r -
mining the ent i re sys t em t rans fe r function as one unit . An open-loop 
sys tem was used as shown in F igure 4, page 13, where the sys t em was 
driven with a suppressed c a r r i e r signal f rom a Ser ies 1100, Model A, 
Servoscope . The output obtained from the synchro control t r a n s f o r m e r 
was to be compared with the input from the Servoscope in the form of 
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Figure 3. Feedback System to be Analyzed. 
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Figure 4 . Measurement of Open-Loop Characteristics. 
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Lissajous pa t t e rns and re la t ive amplitude m e a s u r e m e n t s as the f r e -
quency of the input signal was var ied . Under these conditions the s y s -
tem tended to drift from a. ze ro r e fe rence . Unbalanced voltages in the 
sys tem tended to drive the motor in an a s y m m e t r i c manner which 
effectively caused the output from the control t r a n s f o r m e r to drift in -
stead of maintaining an even oscil lat ion about a fixed point. The drift 
caused the gain readings to be inaccura t e , and m e a s u r e m e n t s were 
difficult to obtain. 
One way of overcoming these difficulties is to close the loop 
(switch number 2, F igure 32, pags -98), thus stabilizing the sys tem. 
If the open loop cha rac t e r i s t i c s a r e to be m e a s u r e d this in t roduces new 
difficulties in m e a s u r e m e n t since the input signal i s now the difference 
between two signals which is an incrementa l voltage for high gain loops. 
To enable accura te m e a s u r e m e n t s to be made it was n e c e s s a r y to place 
a gain control potent iometer in the feedback path. The pot iometer was 
set at a value which would provide sufficient feedback to remove the 
drift and enable accura te m e a s u r e m e n t s to be made . The sys t em was 
then functioning as a low gain closed loop sys t em. The sys t em shown 
in F igure 5, page 15, was the se t -up actually used in obtaining the 
f requency-response of the sys t em. The potent iometer of 15,000 ohms 
a c r o s s the control t r a n s f o r m e r s e r v e s a s the gain control for the s y s -
t e m . With re fe rence to the above explanation, th is pot iometer was set 
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Figure 5, Open-Loop Attenuation Measurements Using a Closed-Loop System. 
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reference signal supplied by the Servoscope was 0.23 volts peak - to -
peak. The re la t ive amplitude of the input and output signal were 
measu red on the ca thode-ray osci l lograph as the frequency of the r e -
ference input was var ied . These values a r e given in Table 1, page 67, 
in the Appendix. 
The gain in decibels , given by the re la t ion , 
Gain in decibels = K,, = 20 log j - . (13) 
was plotted ve r su s the logar i thm of the angular frequency. These ca l -
culations a r e a lso given in Table I and the values plotted on the curve 
shown as F igure 6, page 17. The asymptot ic approximation was next 
constructed according to r e fe rences (5), (6) and (7) in the Bibl iography. 
The accuracy of this approximation is indicated by a compar ison of the 
actual frequency response curve and the curve produced by the approx i -
mating function shown in F igure 1, page 18. The g rea tes t deviation 
occurs near the low frequency end. It was known, however , that the dc 
motor should cause the sys tem to have ze ro s teady-s ta te e r r o r , or in 
t e r m s of the " s " p lane , a pole at the origin. Hence the init ial slope was 
s tar ted at minus six decibels per octave to agree with the physical in -
t e rp re ta t ion , although the m e a s u r e m e n t s did not actual ly indicate t h i s . 
It was felt that at th is frequency and ampli tude of input signal the 
friction was of a sufficient magnitude to cause the sys tem to behave in 
a non- l inear fashion, thus making the r e su l t s somewhat inaccura te when 
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Figure 6 . O p e n - L o o p Frequency Response with Asymptotic Approx imat ion . 
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using l inear techniques . Since agreement was consistent e l sewhere , the 
physical in terpre ta t ion of the sys tem was re l ied on he r e and l inear a-
nalysis was maintained. 
The in te rsec t ions of the var ious port ions of the asymptot ic a p -
proximat ions (see F igure 6, page 17) give the b reak or c r i t ica l f requen-
cies to be: 
WX = l /T 1 = : 0.0 (14) 
u>2 = 1/T2= 12.6 (15) 
W 3 = 1/T3 = 23.2 (16) 
F r o m which the open-loop t rans fe r function for the uncompensated s y s -
t e m can be wri t ten as 
SQ(S) K (17) 
&i(s) " s(s + 12. 6)(s + 23. 2)(12. 6)(23. 2) 
The sys tem has now been reduced to an analytic form and the methods 
of Chapter 1 can now be applied to this equation in t e r m s of a root - locus 
sys tem ana lys i s . This work was followed by applying compensat ion and 
repeating the p rocedu re . 
The Compensated System. - -The compensation to be i*sed was obtained 
from the a r m a t u r e voltage of the moto r . This vol tage , which is a p -
proximate ly proport ional to the f i rs t der ivat ive of the output, was fed 
to a potent iometer so that the amount of feedback could be adjusted. 
This potent iometer voltage was used to drive the gr ids of the amplif ier 
20 
(see F i g u r e 3 3 , page 99 ). 
The e x p e r i m e n t a l s e t - u p w a s a s shown in F i g u r e 8, p a g e 2 1 , The 
gain c o n t r o l u s e d w a s a 10 ,000 o h m p o t e n t i o m e t e r wi th the m o v a b l e 
p ick-of f se t a t 300 o h m s . The f eedback p o t e n t i o m e t e r a c r o s s t h e a r m a -
t u r e of t he m o t o r w a s 5 , 0 0 0 o h m s to t a l r e s i s t a n c e with the v a r i a b l e a r m 
set a t 500 o h m s . The a m p l i t u d e of the r e f e r e n c e input w a s 0 . 2 5 v o l t s 
p e a k - t o - p e a k . M e a s u r e m e n t s w e r e m a d e of t h e r e l a t i v e m a g n i t u d e of 
the output and input s i g n a l s a s the f r e q u e n c y of the r e f e r e n c e input w a s 
v a r i e d . The da ta and c a l c u l a t i o n s s i m i l a r to t h o s e for the u n c o m p e n -
s a t e d s y s t e m a r e g iven in T a b l e 2 , p a g e 6 8 , of t h e A p p e n d i x . The 
f r e q u e n c y - r e s p o n s e c u r v e wi th i t s a s y m p t o t i c a p p r o x i m a t i o n i s shown 
in F i g u r e 9 , page 22 . F i g u r e 10, p a g e 2 3 , g i v e s a c o m p a r i s o n b e t w e e n 
the e x p e r i m e n t a l c u r v e and the c u r v e d e r i v e d f r o m the a p p r o x i m a t i n g 
funct ion . The l o g a r i t h m i c a p p r o x i m a t i o n shows t h a t the c o m p e n s a t i o n 
h a s added a z e r o and a po l e to the s y s t e m . The b r e a k f r e q u e n c i e s ( see 
F i g u r e 9 , p a g e 22) c b t a i n e d f r o m the i i i t e r s e c t i o n s a r e : 
<*>! = 1 / T i = 0 . 0 (18) 
C J 2 = ! / T 2 = 4 . 4 2 (19) 
<*>3 = I / T 3 = 10. 1 (20) 
U>4 = I / T 4 = 12 .9 (21) 
CJ5 = I / T 5 = 2 3 . 2 (22) 
F r o m t h e s e , the o p e n - l o o p t r a n s f e r funct ion for t he c o m p e n s a t e d s y s t e m 
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Figure 8» Measurement of Attenuation Characteristics for the Compensated System. 
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Figure 9. Open-Loop Frequency Response of Compensated System wi th Asymptotic Approximat ion. 
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Figure 10, Comparison of Asymptotic Curve with Experimental Curve for Compensated System. 
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can be wri t ten as 
fto(s) K(s + 4.42),(4.42) (23) 
»i(s) " s(s + 10. l)(s + 12.9)(s + 23.2)(10. 1)(12. 9)(23. 2) 
Again the sys tem has been reduced to an analytic form suitable for the 
application of roo t - locus ana lys i s . 
In the determinat ion of the t r ans fe r functions in both c a s e s , the 
attenuation cha rac t e r i s t i c alone was cons idered . This is not p e r -
miss ib le for al l p r o b l e m s , but in the case of physical equipment, 
general ly this assumpt ion can be made . (8) With the t r ans fe r functions 
thus de te rmined the prob lem was then one of obtaining the roo t - locus 
for the sys tem using the digital computer for the computat ions . 
CHAPTER III 
ROOT-LOCUS SOLUTION BY DIGITAL COMPUTER 
Approximation Fo r Loc i . - -The genera l concepts of the root- locus 
method have been stated in Chapter I . To use the method in the 
analysis of a se rvomechan ism it is f i r s t n e c e s s a r y to obtain the open-
loop t rans fe r function as has been done in Chapter II . The next par t 
of the analysis involves the computations of the root loci by application 
of the general equations (10) and (12), pages 5 and 6, to the specific 
open-loop t ransfer function. Since an approximation technique is r e -
quired when using ei ther equation it is des i rab le to have some method 
of obtaining a reasonable f i r s t g u e s s . In solving for the root loci on a 
digital computer some ordered type of f i r s t approximat ion is n e c e s s a r y 
if computing t ime is to be held to a m i n i m u m . 
The mos t logical answer to a f i r s t approximat ion to the root 
loci is a sketch based on the following special r e l a t i o n s . * 
(1) K—*0. If the loci a r e in te rpre ted a s plots of the closed-loop 
pole posit ions when the open-loop gain v a r i e s from 0 to + oo, the loci 
s t a r t at the open-loop poles . 
(2) K-*<oo„ When the open-loop gain v a r i e s from 0 to + o o , the 
*These special re la t ions a r e based on a l i s t of eleven given in 
the book Control System Synthesis by J . G . T ruxa l . New York: McGraw-
Hill Book Company, 1955, pp . 227-234. 
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loci t e rmina te on the open-loop z e r o s . 
(3) Number of loc i . The number of separa te loci equals the num-
ber of poles or ze ros of the open^loop t rans fe r function, where cr i t ica l 
frequencies at infinity a r e included and mul t ip le -o rder c r i t ica l f r e -
quencies a r e counted according to the o r d e r . 
(4) Conjugate va lues . Complex p a r t s of the loci always appear in 
conjugate complex pa i r s if, a s is cus tomary in the design of feedback 
s y s t e m s , the coefficients of the polynomials p(s) and q(s) (see page 3) 
a r e r e a l . 
(5) Loci near infinity. As the "n" loci approach infinity, they 
tend toward asymptotes at angles of +(180° + m360°) /n , where m = 0, 
i, V - s 
(6) Point of breakaway from rea l ax i s . The point at which a locus 
b reaks away from the r ea l axis and becomes complex is defined as the 
point of breakaway. The equation for computing this point is der ived 
in the Appendix, pages 65 - 6 6 . 
(7) Loci on rea l a x i s . Along the rea l ax i s , the angles of the v e c -
to r s from any conjugate complex pair of ze ros or poles of F(s) cancel , 
with the resul t that the total angle of F(o-) i s made up of the con t r i -
butions from the rea l poles and ze ros a lone. At any given point , 07 , 
on the r ea l a x i s , the angle contributed by a pole or z e r o to the left of 
o") , i s z e r o , while that from a pole or z e ro to the r ight of 07, i s 180° 
Hence the loci include those sections of the r ea l axis to the left of an 
27 
odd n u m b e r of o p e n - l o o p c r i t i c a l f r e q u e n c i e s . 
With t h e s e s p e c i a l r e l a t i o n s to w o r k f r o m , and o t h e r s d i s c u s s e d 
in the r e f e r e n c e , i t i s p o s s i b l e to m a k e a r a p i d t r a n s i t i o n f r o m the open 
loop t r a n s f e r funct ion to the r o o t - l o c i s k e t c h . T h i s s e e m s a n e c e s s i t y 
in o r d e r to a r r i v e a t a r e a s o n a b l e p r o g r a m for a c o m p u t e r so lu t i on , 
Solut ion for U n c o m p e n s a t e d S y s t e m . - - T h e f i r s t s t e p in the c o m p u t e r 
so lu t ion for the roo t loc i w a s to ob ta in a g e n e r a l s k e t c h u s ing the r u l e s 
s t a t e d in the p r e c e d i n g s e c t i o n . The s k e t c h of the l o c i ob t a ined f r o m 
the o p e n - l o o p t r a n s f e r funct ion for the u n c o m p e n s a t e d s y s t e m (see 
equa t ion 17, page 19) i s a s shown in F i g u r e 1 1 , p a g e 29 . The point of 
b r e a k a w a y ( p r e c e d i n g s e c t i o n - R u l e 6) , - o<., f r o m the r e a l a x i s i s g iven 
by the equa t ion (see A p p e n d i x , pp„ 65 -66) . 
oc = *% *p2 + p3* ~lMp2+p3> " 3" (p2p3 ) ( 2 4 ) 
The s e c t i o n s of t he l o c i a long t h e r e a l a x i s w e r e ob t a ined f r o m Rule 7 
in the p r e c e d i n g s e c t i o n wh ich m a d e it n e c e s s a r y only to d e t e r m i n e the 
gain a t v a r i o u s p o i n t s a long the r e a l a x i s l o c i . T h e s y m m e t r y of the 
l o c i , s e t fo r th in Ru le 4 of the p r e c e d i n g s e c t i o n , r e d u c e d the c o m p u -
t a t ion p r o b l e m to the u p p e r half of t h e " s " p l a n e , 
Applying equa t ion (10) to F i g u r e 12, p a g e 2 9 , t h e c o m p u t e r p r o b -
l e m to be so lved w a s one of choos ing an " s " s u c h t ha t 
4>> + <t>z + 4s m 1T 
(25) 
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w h e r e <pf f <p and b̂, are the angles from the poles of the open-loop 
transfer function (equation (17), page 19) to the point " s , " which lies in 
the "s" plane. Each " s , " , for which equation (25) is true, lies on the 
root-locus. The second problem was that of applying equation (12) and 
computing the gain at every value of "s , " for which equation (25) was 
satisfied. Referring to Figure 12, page 29, the specific gain equation 
to be solved is 
K = | A | | B | | C | (26) 
where |A | , | B | , and |C| are the magnitudes of the vectors from the 
open-loop poles to the point "s " in the "s" plane. This equation can be 
written in terms of the system parameters by use of equations (14), 
(15) and (16) as 
K = T 2 T 3 
1 
~ + s Tl 1 
_ + s + s 
T 
(27) 
After a sketch of the loci was obtained, the value of ©d, or point 
of intersection with the real axis was first calculated. Increments were 
then added to ©< , at each of which an "s" was found such that equation 
(25) was satisfied, then K was found using equation (27). 
The program was written using the General Purpose System for 
the International Business Machines 650 Digital Computer. This pro-
gram is shown in the Appendix, pages 82-84. The flow chart, which 
29 
-f3 
Figure 11 Sketch of Root-Locus for Three Poles. 
0 (s ) 
Figure 12, Graphical Interpretation of ° 1 
e i ( M ) 
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gives a graphical p ic ture of the success ive steps leading to the solution 
is shown in F igure 13, page 32. The box numbers given on the p rog ram 
in the Appendix refer to those shown in the flow cha r t , F igure 13. The 
steps in the solution will be explained with reference to Figure 13. 
The open-loop poles and cer ta in other constants were the only 
factors loaded into the memory d rum for computation. This gives an 
indication of the adaptabili ty of the p r o g r a m to a shift in the location of 
the poles . The approach to computation was to calculate the point of 
in tersect ion with the rea l ax i s . On the bas is of the sketch , the rea l 
problem then lay in determining values in the " s " plane which lay on the 
roo t - locus . Since it was known that the complex loci turned to the right, 
the problem was to find a method of converging on the complex loci as 
the point along the rea l axis was moved to the right in d i sc re te s t eps . 
In box 1 the point of in tersec t ion is computed according to equa-
tion (24). The answer is then punched out in box 2. The next symbol 
is p r o g r a m point 2, and as all p r o g r a m points , allows for r e - e n t r y into 
the p r o g r a m from some other point. This is n e c e s s a r y for success ive 
i tera t ions of the same p rocedure . Successive values along the rea l axis 
a re computed in box 3 according to the equation 
o-h + , = c~h + o.soo <
28> 
where O"̂  « - o<. Each t ime the p rog ram re tu rns to p r o g r a m point 2, a 
new value of C is de termined giving success ive values to the r ight , such 
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as Cj t cr^,*"* <5̂  , on success ive i t e ra t ions . The dis tances from 
the poles -p and -p~ to CT" (n = 0 , 1 , 2, •**) a r e computed in box 4 . In 
box 5 success ive values of j o> a r e obtained by adding a constant of 0. 2 
in this c a s e , to the preceding value used, according to the equation 
jut**' = jw* + 0.2 00 (29) 
o -
where y}
(Jjf = V . In genera l , the f irs t value taken at any posi t ion, 
is given by 
i<+, = J< (30) 
where "m" r e p r e s e n t s the las t of the i te ra t ions at the previous value 
K 
calculated along the rea l ax i s . The notation J <On i s to be in te rp re ted 
as follows: The subscr ipt "n" cor responds to that on 0"*n
 a n d gives the 
co r rec t pair ing of o~ and JcJ; the superscr ip t "k" gives the number of 
the approximation which is being used at that par t i cu la r value of 0~h . 
Hence for any value "n" , the value i'k" begins at ze ro and continues to 
inc rease until some p re sc r i bed l imit of the e r r o r is reached . 
Using this value of Jcjthe angles {see F igure 12, page 29) Q , 
(b , and d>-2 a r e computed if CT is negat ive, and the angles (p , (h 
C* LI J^ ' Ld 
and (b a r e computed if c~ is pos i t ive . This d iscr iminat ion is n e c -T 3 n 
e s sa ry in the computer solution due to a l imited ability in handling t r ans 
cendental functions. The angles (p , (h and d> always lie between 
0 and 90° . However, Q will lie between -90° and 0 ° . Hence a tes t is 
32 
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Figure 13, Flow Chart for Complex Solution of the Root-Locus for Three Poles. 
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necessary to determine which angle has been computed. In box 7 the 
value zero is sent to address "b" in preparation for the test to follow. 
The value O" is tested in box 8. If <T" is negative the program goes 
to box 9 which sends the value *TT to address "b". Then in box 10 the 
sum 
(f)2 + 4>5 *• 7 T - 8 * $t + <j>z + <j>3
 = <C (31) 
k +1 is formed where a is tYe symbol for the sum of the angles at the 
k +1 real axis value (y and the imaginary axis value jco . If O" is 
positive, the sum 
<fi, + <p2 +• <t>3 + O • 0**' (32) 
is formed in box 10, Since the sum is supposed to equal the value IT , 
the error is determined in box 11 by the relation 
e k + 1 = 7 T - a k + 1 (33) 
n n 
k+ 1 where e is tie error which exists between the calculated value of 
S a CT"h +• jWh and the root loci. In box 12 the values just com-
puted are transferred in preparation for the next approximation and in 
box 13 the values Jcoh, Jcuh
+ ^ e h and e are punched out. 
The error as a function of JOJ, is approximately as shown in 
Figure 14, page 36, for the first value, CH , computed along the real 
34 
a x i s . T h i s i s i m p o r t a n t in s t a r t i n g s i nce a p p r o x i m a t i n g t e c h n i q u e s t end 
t o w a r d t h e r e a l a x i s , which a l s o c o n t a i n s a v a l u e of " s " ly ing on the 
r o o t - l o c u s , i n s t e a d of t o w a r d the c o m p l e x va lue of " s " if suf f ic ient c a r e 
is not t aken to i n s u r e tha t the m a x i m u m point h a s b e e n p a s s e d . T h i s i s 
done in b o x e s 15 and 16. The d i f f e r ence i s t a k e n b e t w e e n s u c c e s s i v e 
e r r o r s , a s 
k+1 k+1 k n>1> 
d = e - e (34) 
n n n 
k+ 1 
and a s long a s d^ i s jpdsi t ive t h e p r o g r a m i s r e p e a t e d f r o m box 5 to 
k+1 
th i s p o i n t . Howeve r , , when d b e c o m e s n e g a t i v e the r i gh t p o r t i o n of 
the e r r o r c u r v e h a s b e e n e n t e r e d and the p r o g r a m p a s s e s t o box 17. 
In box 17 the va lue " o n e " i s s u b t r a c t e d f r o m " t h r e e " and the r e s u l t 
s t o r e d in a d d r e s s " 5 1 1 " giving t he n u m b e r s (2 , 1, 0 , - 1 , . . . ) i n s u c -
c e s s i o n in t h i s a d d r e s s . In box 19 a d d r e s s " 5 1 1 " i s t e s t e d . If it i s 
nega t i ve the p r o g r a m p r o c e e d s to box 20; if p o s i t i v e it t r a n s f e r s to p r o -
g r a m point 3 and r e p e a t s the c a l c u l a t i o n s ju s t d i s c u s s e d . T h i s i s d e -
s igned to give t h r e e e x t r a c a l c u l a t i o n s a f t e r the m a x i m u m e r r o r point 
h a s b e e n p a s s e d , to i n s u r e tha t the l i n e a r a p p r o x i m a t i n g t e c h n i q u e 
which i s to fo l low, i s dependen t upon the s lope a long the s ide of the 
c u r v e and not s o m e p o i n t s n e a r the m a x i m u m . With t h i s p r e c a u t i o n , 
l i n e a r a p p r o x i m a t i o n can b e u s e d v e r y e f fec t ive ly in c o n v e r g i n g to t he 
c o r r e c t va lue of j 00 . In box 18 the va lue " o n e " i s a d d e d to " m i n u s t w o " 
and the r e s u l t s t o r e d in a d d r e s s " 5 1 2 , giving the n u m b e r s ( - 2 , - 1 , 0 , 1, 
35 
. . , ) in s u c c e s s i o n in t h i s a d d r e s s . The n u m b e r in a d d r e s s " 5 1 2 " i s 
t e s t e d in box 14. Z e r o o r p o s i t i v e v a l u e s in t h i s a d d r e s s enab le the 
m a c h i n e to b y - p a s s b o x e s 15 and 16. Th i s i s a n e c e s s a r y p r e c a u t i o n 
once the l i n e a r a p p r o x i m a t i o n i s u s e d to p r o h i b i t the p r o g r a m f r o m 
r e t u r n i n g to p r o g r a m point t h r e e . 
In box 20 , j o j i s c o m p u t e d by the f o r m u l a 
n 
ir4.i k k - 1 . k - 1 k 
j w
k + i = &n
 e n - ^ n e n (35) 
e n e n 
which i s d e r i v e d f r o m a l i n e a r a p p r o x i m a t i o n of the e r r o r a s shown in 
F i g u r e 15 , p a g e 36. To be a v a l i d a p p r o x i m a t i o n m e t h o d , the v a l u e s of 
m 1c 
j 0J should c o n v e r g e to jcO , o r the e r r o r , e , should a p p r o a c h z e r o 
n n 
a s "k" i n c r e a s e s . The p u r p o s e of box 21 i s to c o m p a r e t h i s e r r o r , e , 
with the n i m b e r 1 x 10" . By the u s e of t h i s t e s t the p r o g r a m c o n t i n u e s 
to t r a n s f e r to p r o g r a m point four and r e p e a t t he c a l c u l a t i o n s un t i l the 
e r r o r i s m a d e s m a l l e r t han 1 x 10" . Once the e r r o r i s r e d u c e d be low 
th i s va lue the p r o g r a m a d v a n c e s to box 22 and c o m p u t e s the ga in a t t h i s 
p a r t i c u l a r " s " u s ing the f o r m u l a 
K = l/(C^)2 + (3<0? ) 2 ^ > ^)%- P < f y k - ^ f j ^ ) ^ 
(36) 
P P 2 3 
k k - 1 
In box 23 the v a l u e s 0— , joJ > K, and e a r e p u n c h e d ou t . In 
n n n 
box 24 , <J*"n r e p l a c e s C ~ 1 and jco**
1 r e p l a c e s j o j i in p r e p a r a t i o n 
36 
D E S I R E D 
P O I N T 
—•»» 
jco 
Figure 14. Error Curve f o r ^ 
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Figure 15« Linear Approximation of the Error Curve. 
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for a r e i t e r a t i o n of the l o o p . The p r o g r a m t r a n s f e r s to p r o g r a m point 
two for 30 c o n s e c u t i v e t i m e s , d e t e r m i n e d by box 2 5 , a f t e r which the 
m a c h i n e s t o p s . 
T a b l e 3 , page 69 in the A p p e n d i x , g ive s a l i s t of the v a l u e s 
punched out a f t e r t hey h a v e b e e n r o u n d e d off to t h r e e d e c i m a l p l a c e s . 
The f i r s t va lue shown can be c o n s i d e r e d a s Q~ , the point of b r e a k -
away f r o m the r e a l a x i s . It shou ld be e m p h a s i z e d tha t the i n c r e m e n t 
a long the r e a l a x i s and the e r r o r l i m i t w e r e c h o s e n a r b i t r a r i l y and o the r 
v a l u e s could be u s e d jus t a s w e l l . A l s o , the n u m b e r of po in t s c a l c u -
l a t e d could h a v e b e e n s e t a t v a l u e s o the r than 30. 
An i n d i c a t i o n of the c o n v e r g e n c e i s g iven in T a b l e 5 , page 71 in 
the Append ix . The f i r s t point shown i s o r . It can be s e e n how the 
e r r o r i n c r e a s e s to a m a x i m u m , p r o c e e d s with t h r e e m o r e c a l c u l a t i o n s 
in even s t e p s a f t e r t he n e g a t i v e s lop ing r e g i o n i s e n t e r e d and then c o n -
t i n u e s wi th the l i n e a r a p p r o x i m a t i o n m e t h o d . O the r p o i n t s a long the 
loc i a r e a l s o shown and i n d i c a t e tha t four i t e r a t i o n s w e r e r e q u i r e d to 
_5 
r e d u c e the e r r o r to l e s s t han 1 x 10 in m o s t of the c a s e s . F o r m o s t 
e n g i n e e r i n g w o r k t h i s m a g n i t u d e of a c c u r a c y i s not r e q u i r e d , but the 
r a p i d i t y of c o n v e r g e n c e to any a c c u r a c y l e s s t h a n t h i s can a l s o be e s t i -
m a t e d f r o m the t a b l e . 
To obta in the v a l u e s of gain a long the r e a l a x i s a s e c o n d p r o g r a m 
w a s u s e d . T h i s could have b e e n i n t e g r a t e d in to the o t h e r p r o g r a m , but 
to k e e p bo th a s s i m p l e a s p o s s i b l e it w a s done s e p a r a t e l y . The flow 
38 
diagram for this solution is shown in Figure 16, page 40. The p rog ram 
for the solution is given in the Appendix, page 85. 
Referr ing to Figure 16 the p r o g r a m s t a r t s at ze ro and computes 
the gain for positive va lues , which a r e the same as those for negative 
values since magnitude is the only concern when computing gain. 
Equation (36) is used for this computation where j CO is equal to z e r o . 
The increment added each t ime is 0.5 from the pole p to the pole p . 
1 ^ 
When p is reached the p rog ram t r ans fe r s to the pole p , and continues 
^ 3 
calculating for 20 more points at in tervals of 1. 0 each. Again, both 
in tervals and the number of calculations were a r b i t r a r y and other values 
could be used. The values obtained a r e given in Table 4 , page 70 in 
the Appendix. 
The root - locus for the uncompensated sys tem was then plotted as 
shown in F igure 17, page 4 1 , using Tables 3 and 4 in the Appendix. 
Values of gain a r e marked on the curve at every fourth point calculated. 
The plot indicates that the sys tem is unstable for a value of gain g rea te r 
than approximately 36 which is the point of in tersec t ion with the j oj 
ax i s . An appropr ia te compensation should modify the root - locus such 
that it i n t e r sec t s the jo jaxis at a value of gain which is g rea te r than 
that for the uncompensated sys tem. The compensation used in this 
specific sys tem and the resul t ing t rans fe r function have a l ready been 
d iscussed . An analys is of the sys tem by the root - locus method will 
next be d iscussed where the root loci will be computed using a s imi lar 
39 
a p p r o a c h to the m e t h o d j u s t d i s c u s s e d . 
, T h e C o m p e n s a t e d S y s t e m . - -App ly ing the r u l e s , for a p p r o x i m a t i n g the 
r o o t - l o c u s , to the t r a n s f e r funct ion for the c o m p e n s a t e d s y s t e m 
(equat ion 2 3 , page 24) , a s k e t c h of the r o o t - l o c u s can be d e t e r m i n e d a s 
shown in F i g u r e 18 , page 4 3 . F r o m the shape of t h i s c u r v e it a p p e a r s 
tha t the so lu t ion wi l l not be g r e a t l y d i f fe ren t f r o m the u n c o m p e n s a t e d 
s y s t e m wi th t h r e e p o l e s . H o w e v e r , c e r t a i n c h a n g e s m u s t be m a d e in 
the p r o g r a m to find the point of b r e a k a w a y f r o m the r e a l a x i s , and to 
d e t e r m i n e what m u s t be done a s t h e l o c u s p a s s e s a c r o s s v e r t i c a l l i n e s 
e r e c t e d f r o m the c r i t i c a l f r e q u e n c i e s . 
The point of b r e a k a w a y i s no l o n g e r e a s i l y d e t e r m i n e d by a s i m -
ple e q u a t i o n . H e n c e s o m e type of a p p r o x i m a t i o n m u s t be u s e d . R e -
f e r r i n g to F i g u r e 19, page 4 3 , the equa t ion to be u s e d for the so lu t ion 
of the b r e a k a w a y poin t can b e d e t e r m i n e d . C h o o s e a point " s , " , a d i s -
t a n c e M£ " above the r e a l a x i s , and d r a w the v e c t o r s f r o m the c r i t i c a l 
f r e q u e n c i e s to " s " , l a b e l i n g the a n g l e s a s shown. If " s " i s to l i e on 
the r o o t - l o c u s the fol lowing equa t ion m u s t be t r u e : 
*1 " h ' 02 " $3 ' 4̂
 = W + 2n77" (37' 
w h e r e " n " i s equa l to any i n t e g e r or z e r o . If " £" " i s s m a l l , the t a n -
gen t s of the a n g l e s can be r e p l a c e d by the a n g l e s a s fo l lows: 









Figuie 16. Flow Chart for Ga in Solution Along the Real Ax is . 
Figure 17, Uncompensated System Root-Locus Plot. 
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o tan(180 - a ) = e / o - 0 180° - 0 7 (39) 
tan(180° - 9 i ) z *7 e r * 180° - 0 j (40) 
tan 0 , = €"/ 0-3 S QL (41) 
tan Of4 = C / a-4 a (?4 (42) 
Substituting into equation (37), the equation to be solved is 
(43) 
<T"i C"2 <3~3 ff"4 0 " 5 
The m e t h o d of so lu t ion can be s e e n in the flow c h a r t of F i g u r e 20 , 
page 4 5 . The f i r s t a p p r o x i m a t i o n , o«fj , is; t a k e n half way b e t w e e n the 
po le p? and the po le p ~ . The , d i s t a n c e s , t h e i r r e c i p r o c a l s , and the 
e r c o r , e j , a r e then c o m p u t e d , w h e r e the e r r o r i s g iven by 
* 1 <*% - P l ^ _ Z 1 P 3 
(44) 
• _0<1 P 4 " °<i 
Th i.e second approximation, c*' , is equal to ©£, +* 0 . 5 . The same calcu-
lations a r e made and a new e r r o r , e , obtained. With these values , 
C* 
the next approximation, is obtained using the l inear approximation for-
mula: 
43 
Figure 18 Sketch of Root-Locus for Four Poles and One Zero . 
Figure 19, Determination of Breakaway Point. 
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o* = 6 ^ - ^ k " e k g < k - l ( 4 5 ) 
k + 1 e k - l - e k 
The e r r o r , e, , is tes ted to see if it is l ess than l x 10" 5 , If it is the 
machine stops or p roceeds with the remainder of the p r o g r a m . If not , 
it moves e k ^ 1 to ek_2»
 e
k to e ^ , Q ^ to &k_l and 0^_+ 1 to o ^ in p r e -
parat ion for the computation of o< _. The f irst par t of Table 11, page 
81 in the Appendix, shows the manner in which the method converges 
to the answer . Four i te ra t ions were neces sa ry in o rder to reduce the 
e r r o r below the p re sc r ibed amount, 
After the point of breakaway is de termined the p r o g r a m begins 
the solution for the root - locus containing an imaginary par t . Again, 
the sketch indicates that the problem is p r imar i l y one of determining the 
complex values of the roo t - locus . Much of this p r o g r a m given in the 
Appendix, page 86 , is s imi lar to the one previously d i scussed . Only 
those pa r t s which a r e significantly different will be explained. 
In the solution for the uncompensated sys t em, the complex portion 
of the root-Locus c rossed only one ver t ica l line e rec ted from the c r i t i -
cal f requencies . The sketch for the compensated sys tem indicates that 
the complex portion of the root - locus will now c ros s three such l ines . 
It can be seen in the p r o g r a m previously d iscussed that one of the major 
difficulties came at this c rossover point where it was n e c e s s a r y to 
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Figure 2G\ Flow Chart for Solution of Breakaway Point Four Poles - One Zero. 
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that a s imi l a r , but more complicated solution, is n e c e s s a r y for the 
compensated sys tem. 
The flow chart for the solution of this problem is shown in F igure 
21 , P a g e 48. If the " s " plane is divided into the regions shown in Figure 
22, page 49, then the angles which a r e computed in box 5, for var ious 
points on the roo t - locus a r e as follows: region l - ( -0 , 0 , 0 - yy , 
0X- TT> ®i-U)'> region 2 - ( -0 4 > 0 , 0£, 02-77". ®i'Tr)', region 3-( -0 4 > 
03, 02> 01 > 0j_ - 7T);
 a nd in region 4 - ( 0 4 , 0 , 02 > 0 j , 9]_); where the 
angles to any point a r e as indicated in F igure 22, page 49. Equation (37) 
is the equation which must be satisfied in each ins tance . Then upon 
substitution, the equation which must be solved in each region is : 
Region 1: ($1-TT) -p\'TT)+ (02 -77) + 0 3 + 0 j - IT * -TT (46) 
Region 2: ( S ^ T T ) -[(01-Tr) + 0 3 + 04] = - IT (
47) 
Region 3: ^ - [(0a -10 + 0 2 + 0 3 + 04] -77= "77 (48) 
Region 4: 9 - p ^ + 0 -f 0 3 + 0 4 j = - TT (49) 
Hence if the angles computed from the poles to the point in question are 
subtracted from the angle computed from the ze ro to the point, then the 
value "TT" must be subtracted in regions 1 and 3 to keep the equations 
s imi lar in form. This r equ i res a tes t procedure to find the par t icular 
region in which the point is located and then procedure which follows 
the par t icu lar equation appl icable . 
The flow d iagram for this par t icu lar decision circuit is shown in 
Figure 23, page 51 . F i r s t , the quantity I - (p 2 - C" ) i-
s t es ted . If 
this quantity is positive then the point is in region 1 and the p rog ram 
t rans fe r s to p rog ram point 5, proceeds to send the value "77*" to 
address "b" and then goes to p r o g r a m point 6. If the number tes ted 
is negative the p r o g r a m continues and next t e s t s the quantity 
-(z - G~~ ) I . If this quantity is positive the point l ies in region 2 
and the p r o g r a m t r ans fe r s to p r o g r a m point 6 and continues. If the 
quantity is negative the p r o g r a m continues and next t e s t s the quantity 
(P _ CT")- If this quantity is negative the point l ies in region 3 and the 
p r o g r a m t r ans fe r s to p r o g r a m point 5, sends the value "77" to add res s 
"b" and then goes to p r o g r a m point 6. If the value tes ted is positive 
the point l ies in region 4 and the p r o g r a m t r ans f e r s to p r o g r a m point 
6. After p r o g r a m point 6, the p r o g r a m is a lmost identical to the one 
for the uncompensated sys tem. The sum of the angles is formed and 
the value in add re s s "bM is subt rac ted . In case the point l ies in regions 
2 or 4 , a ze ro which has been sent to add re s s "b" is subt rac ted . In the 
other two regions the value "TT" is subt rac ted , thus fulfilling the r e -
qui rements of the var ious reg ions . 
Values for the upper half of the " s " plane a r e given in Table 6, 
page 73 in the Appendix, after they have been rounded off to three dec i -
mal p laces . Again, the increment along the rea l a x i s , the e r r o r l imi t , 
and the number of calculat ions were a r b i t r a r y and could be changed. 




























































J ^ 7t 
ze 
TRANS.TO 
































. ? / 
REGION 3 
9 1 w-
JV 1 (-. 




Figure 22. Regions of Calculat ion for Four Pole - One Zero Configuration 
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c o n v e r g e n c e of the a p p r o x i m a t i o n m e t h o d a t v a r i o u s p o i n t s a long the 
r o o t - l o c u s . The f i r s t v a l u e , O"" , h a s the s a m e c h a r a c t e r i s t i c s a s for 
1 
the t h r e e pole so lu t i on , s i nce the m e t h o d of so lu t ion i s e s s e n t i a l l y the 
s a m e . After t h i s p o i n t , the t a b l e i n d i c a t e s tha t a p p r o x i m a t e l y four 
i t e r a t i o n s w e r e n e c e s s a r y to r e d u c e tfite e r r o r to l e s s than 1 x 10 
The v a l u e s of ga in a long the a x i s w e r e c o m p u t e d by a s e p a r a t e 
p r o g r a m . Aga in t h i s w a s m e r e l y a cho ice to k e e p the so lu t ion a s s i m -
ple a s p o s s i b l e . The flow d i a g r a m , F i g u r e 24 , page 5 3 , for the p r o -
g r a m given in the A p p e n d i x , page 91 , i n d i c a t e s t h a t t h i s so lu t ion i s a l s o 
s i m i l a r to the r e a l a x i s so lu t ion for the t h r e e pole c a s e . F r o m p to 
z and f r o m p to p i n c r e m e n t s of 0. 2 w e r e u s e d . Beyond p v a l u e s 
w e r e c o m p u t e d at unit i n t e r v a l s for 20 p o i n t s . T h e s e v a l u e s a r e shown 
in T a b l e 7, page 75 in the Append ix . 
The r o o t - l o c u s plot for the c o m p e n s a t e d s y s t e m i s shown in 
F i g u r e 2 5 , page 54 with the v a l u e s of gain m a r k e d a t e v e r y four th point 
c a l c u l a t e d . It can. be s e e n tha t the s y s t e m i s u n s t a b l e for v a l u e s of 
gain g r e a t e r than a p p r o x i m a t e l y 2 5 , which i n d i c a t e s tha t the s y s t e m 
r e s p o n s e h a s b e e n r e d u c e d . When s y s t e m m e a s u r e m e n t s w e r e m a d e 
in C h a p t e r II a n a t t e n u a t o r w a s p l a c e d in the f eedback p a t h . The n e g a -
t ive r e s u l t ob ta ined us ing the c o m p e n s a t i o n m a y be a t t r i b u t a b l e to t h i s 
a t t e n u a t o r , s i nce the c o m p e n s a t i o n w a s i m p r o p e r l y p l a c e d for m a x i m u m 
ef fec t , and m a g n i t u d e too s m a l l for i m p r o v i n g s y s t e m p e r f o r m a n c e . A 
b e t t e r r e s p o n s e could h a v e b e e n ob ta ined by us ing a " p a r a l l e l - T " 
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Figure 23. Flow Chart for Determining Region of Calculation. 
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compensating network which would have added a ze ro but no pole to the 
sys tem. 
Pa ra l l e l " T " Compensated System. - -The des i red network was one 
giving derivative control , or one containing a z e r o , and a pole which 
was negligible in its effect on the sys tem. The po le -ze ro configuration 
des i red was as shown in F igure 26, page 56. The ru les for approxi -
mating the root - locus can be applied to this po l e - ze ro configuration 
giving the sketch shown in F igure 27, page 56. The root - locus for 
three poles and ov.e ze ro was solved on the computer , where the open-
loop sys tem t ransfer function was 
0o(s) K(s + 18.0)(12.6)(23.2) (50) 
^(s) s(s + 12.6)(s + 23.2){18.0) 
The compensation network which was added to the sys tem t ransfe r 
function was not designed. References (9), (10) and (11) in the Bibl io-
graphy give methods for the design of compensating networks for a -c 
sys tems . 
The point of breakaway can be found in a manner s imi la r to that 
applied to the previous problem. The equation to be solved is 
j _ j _ _ i _ j _ (51) 
o-j + cn = o-2 + o-3 





































Figure 24. Flow Chart for Gain Solution Along the Real Axis for Four Poles - One Zero 
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Figure 25# Compensated System Root-Locus Plot. 
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ca r r i ed out in the same manner to an e r r o r l e s s than 1 x 10" . The 
flow d iagram for this solution is shown in Figure 29, page 59. The 
lower par t of Table 11, page 81 in the Appendix, shows that three 
i tera t ions were n e c e s s a r y to reduce the e r r o r below the l imiting 
value. 
The part of the root - locus containing imaginary pa r t s l ies in the 
region between p and p . Hence the difficulties encountered in the 
i. Lt 
previous problem a r e not met with h e r e . The equation which must be 
satisfied is 
i - 0X - 02 - 0 3 = -rr+ ziiir
 (52) 
where "n" is equal to any integer or ze ro and the angles Si , 0^ , 0 2 
and 0-2 a r e as indicated in F igure 28, page 58. The angles which the 
machines computes a r e $•$, Qg, 9^ and TT - 0-^. Hence the equation 
which the machine solves is 
x + (180° - 0X) - 0 2 - 0 3 - IT ' -IT
 ( 5 3 ) 
Whereas in the two previous problems approximation occur red in the 
ver t ical plane for success ive values in the horizontal p lane, in this 
p rob lem it seemed best to r e v e r s e this procedure due to the shape of 
the root - locus and approximate in the horizontal plane for success ive 
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Figure 26. Pole-Zero Configuration with Proposed Compensation. 
Figure 27% Sketch of Root-Locus for Three Poles - One Zero. 
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page 94 in the Appendix, is essent ia l ly the same as that for the uncom-
pensated sys tem. The flow chart is shown in F igure 30, page bQ. The 
values computed a re given in Table 9, pages 78 and 79 in the Appendix. 
Table 10, page 80 in the Appendix, gives the convergence for the com-
putations and shows that two i te ra t ions were sufficient in most of the 
c a s e s . Values of gain along the axis were not computed for this ca se . 
The same type of p rog ram used in the previous p rob lem with slight 
changes would do for this solution. 
The root - locus i s plotted in F igure 31, page 61 , with values of 
gain marked for every fourth point calculated. F r o m the root - locus 
plot, it is evident that the sys tem is stable for all values of gain with 
this type of compensation. Since a pole must appear for most phys i -
cally real izable ne tworks , the plot i s only of theore t ica l in te res t in 
showing the asymptote which the root - locus tends to approach as the 
pole of the compensating network is pushed further to the left. 
58 































































































Figure 30. Flow Chart for Complex Solution of Root-Locus for Three Poles - One Zero 
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The root - locus solution for three specific cases was obtained 
using the digital computer . 
The number of decimal digits re tained in computations was not 
n e c e s s a r y from a physical standpoint. The e r r o r l imit es tabl ished was 
des i red as a check on the convergence of the approximating method. 
The convergence in all cases was rapid and d i rec t , and would tend to be 
more so as the e r r o r l imit is reduced. 
The computing t ime for any one problem was l e s s than 15 minu tes . 
However, p rogramming took hours and for most p rac t ica l situations is 
a major handicap of the method. If only one p rob lem needed to be 
solved, it would hardly be worthwhile. If severa l p rob lems of the same 
type were to be solved, then a digital computer might be favored. 
The p r o g r a m s obtained were flexible as to the number of points 
computed, the in terval between computations and the e r r o r l imi t . Also , 
changes in the poles and ze ros could be made so long as the general 
p roper t i e s of the root - locus were not a l t e red . Thus , a definite advan-
tage could be rea l ized if the same problem had to be repeated many 
t imes with slight var ia t ions in the c r i t ica l f requencies . 
CHAPTER V 
RECOMMENDATIONS 
It is recommended that further study and investigation toward a 
more general solution be undertaken. 
It is possible that a subroutine might be developed which would 
solve a la rge var ie ty of po le -ze ro configurations by the inser t ion of only 
a minimum of n e c e s s a r y cons tants . Poss ib ly two or th ree such sub-
routines would cover most prac t ica l s i tuat ions , and thus el iminate all 
tedious p rogramming opera t ions . 
A P P E N D I X 
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DERIVATION O F P O I N T OF BREAKAWAY 
The poin t of b r e a k a w a y wi l l be d e r i v e d for a s y s t e m wi th t h r e e 
r e a l o p e n - l o o p p o l e s . The g r a p h i c a l p i c t u r e of the r o o t - l o c u s for such 
a s y s t e m i s g iven in F i g u r e s 11 and 12, page 29 . The p o l e s of the s y s -
t e m a r e shown a s pj > p£ and P 3 . The point of b r e a k a w a y i s i n d i c a t e d 
a s -o<in F i g u r e 11. A s s u m e tha t the point "S i " i s c h o s e n a s m a l l d i s -
t a n c e , ^i off t h e a x i s f r o m the point -o< . The t r a n s i t i o n f r o m -ot to 
" s , " m u s t r e s u l t in a z e r o net change in the a n g l e of F ( s ) . The s u m of 
the c h a n g e s in the a n g l e s f r o m the v a r i o u s o p e n - l o o p c r i t i c a l frequen*-
c i e s i s e q u a t e d to z e r o , wi th the a p p r o p r i a t e s i gns depend ing on the 
d i r e c t i o n of the change and w h e t h e r the c r i t i c a l f r e q u e n c y i s a po le o r 
z e r o . In t h i s e x a m p l e , F i g u r e 12, p a g e 2 9 , i n d i c a t e s tha t 
0 3 + 0 2 -% ~ 0 (54) 
The s m a l l a n g l e s can be r e p l a c e d by the c o r r e s p o n d i n g t a n g e n t s a s 
<f + e - € = 0 (55) 
P3 - c< p 2 - °< c< 
After cancellation of £ , the equation can be reduced as follows: 
66 
1 + 1__ = J _ 
P3 - c* P'2 - ex. oc 
(56) 
2 
3 ex . 2 o< fe - 2 c< pi + ft; p , = 0 (57) 
'1 " - — r3 r r 2 r3 
F r o m which 
(58) oC= 1/3 (p2 + f>3) + " | / l /9(p2 + f>/ - l / 3 p 2 f > 3 
is the requi red equation to be solved. 
A quick approximation with the following poles 
^1 = ° - ° (59) 
f>2 = 12.6 (60) 
K3 = 2 3 . 2 (61) 
shows that 
°c ^12 + 6.8 = 18. 8; 5.2 (62) 
Since the one answer , 18 .8 , l ies on a port ion of the r ea l a x i s , which 
contains no loc i , only the negative sign is re ta ined for the computation. 
Hence , the point of breakaway is de termined by 
oc = 1/3 (p 2 + f>3) - y i / 9 (1>2+|>3 ) - 1/3 p2f> 2 r 3 (63) 
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T a b l e 1. U n c o m p e n s a t e d S y s t e m M e a s u r e m e n t s 
f(cps) U ) ( r a d / s e c ) A. A K 20 log K 
in out 
0.15 0 . 9 4 5 0 . 3 6 3 7 . 0 102 .0 4 0 . 2 
0 .20 1.258 0 . 3 8 3 3 . 5 8 8 . 2 38 .9 
0 .30 1.888 0 . 3 8 26 .0 6 8 . 4 3 6 . 7 
0 .40 2 . 5 1 5 0 . 4 0 2 3 . 2 5 8 . 0 3 5 . 3 
0 .50 3. 145 0 . 4 0 2 0 . 5 5 1 . 2 34. 1 
0 .60 3 .755 0 .40 18,0 4 5 . 0 3 3 . 1 
0 .70 4 . 4 0 0 . 3 9 15 .8 4 0 . 5 32. 1 
0 .80 5 . 0 3 0 . 4 1 15 .0 37 . 1 3 1 . 3 
0 .90 5 . 6 6 1.40 39 .0 2 7 . 9 2 8 . 9 
1.. 00 6 .28 1.45 3 7 . 0 2 5 . 5 28 . 1 
1. 10 6 . 9 3 1.50 3 4 . 5 2 3 . 0 2 7 . 2 
1.20 7 .56 1.90 39 .0 2 0 . 5 2 6 . 2 
1.30 8. 18 1.90 3 7 . 5 1 9 . 8 2 5 . 9 
1.40 8 .82 1.90 35 .0 1 8 . 4 25 . 3 
1.50 9 . 4 4 1.98 3 2 . 0 17 .0 2 4 . 6 
1.60 10 .08 1.85 2 9 . 0 1 5 . 7 2 3 . 9 
1.70 10 .70 2 . 15 31 .0 1 4 . 4 2 3 . 1 
1.80 1 1 . 3 3 2 . 1 0 2 8 . 5 1 3 . 6 2 2 . 7 
1.90 11 .97 2 . 0 5 2 5 . 0 1 2 . 2 2 1 . 7 
2 .00 12 .59 2 . 0 0 2 2 . 0 11 .0 ^20.8 
2 . 5 1 5 . 7 3 1.70 12 .5 7 .4 1 7 . 3 
3.0 1 8 . 8 8 1.30 7 .0 5 . 4 14 .6 
3.5 2 2 . 0 0 1.25 4 . 5 3 . 6 1 1 . 1 
4 . 0 2 5 . 1 5 1. 15 2 .60 2 . 2 6 7 .08 
4 . 5 2 8 . 3 0 1.00 1.80 1.80 5 . 10 
5 .0 3 1 . 4 5 1.00 1.30 1.30 2 . 2 6 
5 .5 34 60 1.00 1.00 1.00 0 .00 
6.0 3 7 . 5 5 0 . 9 5 0 . 8 0 0 . 8 4 - 1 . 5 0 
7.0 4 4 . 0 0 . 9 5 0 . 5 0 0 . 5 3 - 5 . 5 8 
8.0 5 0 . 3 0 . 9 5 0 . 3 0 0 . 3 2 . 1 0 . 0 0 
9 .0 5 6 . 6 0 . 9 5 0 . 2 5 0 . 2 6 - 1 1 . 6 0 
10.0 6 2 . 8 0 . 9 5 0 . 2 0 0 . 2 1 - 1 3 . 6 0 
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Table 2. Compensated System Measurement s 
f(cps) 6 j ( r ad / sec ) A A i n K 20 log K 
0. 15 0.945 30.0 0.34 88.3 38.9 
0.20 1.258 24,0 0.34 70.6 36.9 
0.30 1.888 35.0 0.80 43.7 32.8 
0.40 2.515 37.0 1.00 37.0 31.3 
0.50 3. 145 36.0 1. 15 31. 3 29.9 
0.60 3.755 35.0 1.25 28,0 28.9 
0. 70 4.40 34.5 1.35 25.5 28. 1 
0.80 5.03 33.5 1.40 23.9 27.5 
0.90 5.66 32.5 1.45 22.4 27.0 
1.00 6,28 30.5 1.53 19.9 26.0 
1. 10 6.93 29.0 1.55 18.7 25.4 
1.20 7.56 28.0 1.60 17.5 24.9 
1.30 8. 18 26.0 1.60 16.3 24.2 
1.40 8.82 23.0 1.60 14.4 23. 1 
1.50 9,44 21.0 1.50 14.0 22.9 
1.60 10.08 20.0 1.50 13.3 22.5 
1.70 10.70 17.5 1.60 10.9 20,7 
1.80 11.33 16.0 1.50 10.7 20.6 
1.90 11.97 14.0 1.40 10.0 20.0 
2.00 12.59 13.0 1.40 9.28 19.4 
2.5 15.73 16.0 2, 10 7.62 17. 7 
3.0 18.88 10.0 2.00 5.00 14.0 
3.5 22.00 12.0 3.00 4.00 12. 1 
4.0 25. 15 8.0 2.90 2.76 8.81 
4.5 28.30 7.0 2.90 2.41 7.64 
5.0 31.45 5.0 2.80 1. 78 5.00 
5.5 34.60 3.40 2.80 1.21 1.40 
6.0 37.55 2. 70 2,80 0.964 -0.32 
6.5 40.8 2. 10 2.70 0.777 -2.20 
7.0 44.0 1.80 2. 70 0.667 -7.06 
8.0 50. 3 1.20 2.70 0.444 -7.82 
9.0 56.6 1. 10 2.70 0.407 -10.60 
10.0 62.8 0.80 2.70 0.296 -10.60 
13.0 81.8 0.30 2.70 0. Ill -19.10 
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Tab le 3 . C a l c u l a t e d C o m p l e x V a l u e s for T h r e e P o l e R o o t - L o c u s 




m - 1 
n x 
10 -5 
- 5 . 2 2 8 







. 1 , 2 2 8 
- 0 . 7 2 8 
- 0 . 2 2 8 








4 . 2 7 2 







































































3 5 . 7 5 6 
3.895 0 05 
5. 716 -0 04 
7.854 <0 01 
10.328 0 05 
13.160 <;o 01 
16.370 <0 01 
19.978 o 01 
24.005 <0 01 
28.471 <0 01 
33.398 <0 01 
38.805 0 01 
44.713 0 01 
51.142 0 01 
58.114 <-o 01 
65.648 <0 01 
73.766 <0 01 
82.487 <0. 01 
91.833 <o. 01 
101.823 <0 01 
112.478 <0. 01 
123.819 0. 01 
135.867 *0. 01 
148.641 <0. 01 
162.163 -0 01 
176.452 0. 01 
191.530 <o. 01 
207.417 0. 93 
224.133 0. 86 
241.699 0. 78 
260.136 0. 73 
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Table 4. Calculated Real Values for Three Pole Root-Locus 
— gj"* K — <j— K 
0 .50 0 .470 12 .00 0 . 2 7 6 
1.00 0 . 8 8 1 12 .50 0 . 0 4 6 
1.50 1.236 2 4 . 2 0 0 .960 
2 . 0 0 1.537 2 5 . 2 0 2. 172 
2 .50 1. 788 2 6 . 2 0 3 .657 
3.00 1.990 27 .20 5 . 4 3 4 
3 .50 2. 146 2 8 . 2 0 7 .525 
4 . 0 0 2. 259 29 . 20 9 .949 
4 . 5 0 2 . 3 3 2 3 0 . 2 0 1 2 . 7 2 8 
5 .00 2 . 3 6 6 3 1 . 2 0 15 .882 
5 .50 2 . 3 6 4 3 2 . 2 0 19 .431 
6 .00 2 . 3 3 0 3 3 . 2 0 2 3 . 3 9 6 
6 .50 2 . 2 6 5 34 .20 2 7 . 7 9 8 
7.00 2 . 172 3 5 . 2 0 3 2 . 6 5 7 
7.50 2 . 0 5 4 36 .20 3 7 . 9 9 3 
8.00 1.914 3 7 . 2 0 4 3 . 8 2 8 
8 .50 1.753 3 8 . 2 0 5 0 . 1 8 1 
9 .00 1.5 74 3 9 . 2 0 5 7 , 0 7 3 
9 .50 1.380 4 0 . 2 0 6 4 . 5 2 5 
10 .00 1. 174 4 1 . 2 0 7 2 . 5 5 7 
10 .50 0 . 9 5 8 4 2 . 2 0 8 1 . 1 8 9 
11 .00 0 .735 4 3 . 2 0 9 0 . 4 4 3 
11.50 0 . 5 0 6 
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Table 5. Rapidity of Convergence for Three Pole Root-Locus Solution 
,k e k x 10 " 5 
<^ j w k -n 
- 4 . 7 2 8 0 . 2 0 0 6 0 5 . 1 
0 , 4 0 0 1 1 9 8 . 7 
0 , 6 0 0 1769 .5 
0 .800 2 3 0 6 . 8 
1,000 2 8 0 0 . 9 
1.200 3 2 4 2 . 8 
1.400 3625 .0 
1.600 3941 .0 
1.800 4 1 8 5 . 9 
2 . 0 0 0 4 3 5 5 . 7 
2 .200 4 4 4 8 . 2 
2 .400 4 4 6 2 . 0 
2 . 6 0 0 4 3 9 6 . 9 
2 . 8 0 0 4 2 5 3 . 6 
3 .000 4 0 3 3 . 9 
3 .200 3 7 3 9 . 8 
5 . 7 4 4 - 4 9 6 7 . 3 
4 . 2 9 3 9 6 4 . 9 
4 . 5 2 9 1 4 3 . 7 
4 . 5 7 0 - 6 .80 
4 . 5 6 8 0 . 0 5 
- 4 . 2 2 8 4 . 7 6 8 8147 .0 
4 . 5 6 8 8 8 3 1 . 3 
7 .149 - 3 0 3 7 . 2 
6 .489 4 4 6 . 8 
6 . 5 7 3 10 .32 
6 .575 - 0 . 0 4 
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Table 5, Continued 
Rapidity of Convergence for Three Pole Root-Locus Solution 
k 
























Table 6. Calculated Complex Values for Four Pole-One Zero Root-Locus 
n 




1. 194 0.74 
1.577 0.35 
2.007 0.20 




5. 303 0.01 
6.305 0.01 
7.457 0.02 















- 9.864 4. 790 
- 9.364 5.605 
- 80864 6.369 
- 8.364 7, 115 
- 7.864 7,866 
- 7.364 8.637 
- 6.864 9.439 
- 6.364 10.273 
- 5.864 11.140 
- 5.364 12,033 
- 4.864 12.946 
- 4.364 13,874 
- 3.864 14.811 
- 3.364 15.752 
- 2.864 16.696 
- 2.364 17.640 
- 1.864 18.582 
- 1.364 19.522 
- 0.864 20.459 
- 0.364 21,393 
0. 136 22.324 
0.636 23.252 
1. 136 24.177 
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Table 6. Continued 
Calculated Complex Values for Four Pole-One Zero Root-Locus 
CT-n JGJ™ K e^xlO-5 
1.636 25.100 40.424 -0.02 
2. 136 26.019 44.644 -0.01 
2.636 26.936 49.147 -.0.01 
3. 136 27.850 53.942 -0.01 
3.636 28.762 59.038 0.01 
4. 136 29.671 64.442 0.01 
4.636 30.579 70.165 0.01 
5. 136 31.484 76.214 0.01 
5,636 32.3fi8 82.598 0.96 
6. 136 33.290 89.326 0.86 
6.636 34.190 96.407 0.83 
7. 136 35.089 103.849 0.75 
7.636 35.987 111.661 0. 71 
8. 136 36.883 119.853 0.66 
8.636 37.778 128.431 0,61 
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Rapidity of Convergence for Four Pole-One Zero Root-Locus Solution 
k k T n -5 
10J e x 10 
JV"n n 
- 1 0 . 8 6 4 0 . 2 0 0 12940 .0 
0 . 4 0 0 23090 .0 
0 .600 2 9 3 1 0 . 0 
0 . 8 0 0 31950 .0 
1.000 31910 .0 
1.200 30050 .0 
1.400 2 7 0 3 0 . 0 
1.600 2 3 3 4 0 . 0 
2 . 8 6 2 - 3069 .0 
2 . 7 1 5 - 123 .0 
2 . 7 0 9 1.50 
2 . 7 0 9 - 0 . 0 1 












Table 8. Continued 
Rapidity of Convergence for Four Pole-Cne Ze ro Root-Locus Solution 
k k i n - 5 
c r n Jfc> e x 10 
n n n 


















K e ™ "
1 x 10-5 
n 
3 .577 - 0 . 0 0 4 
3 .640 0 . 3 0 7 
3. 745 0 . 6 6 3 
3 . 8 9 1 - 0 . 0 0 1 
4 , 0 7 7 - 0 . 0 0 4 
4 . 3 0 4 0 .005 
4 . 5 6 9 0 . 0 0 3 
4 . 8 7 3 0 . 0 1 
5 . 2 1 4 - 0 . 0 0 4 
5 .590 0 . 9 6 
6 .002 0 . 6 6 
6 . 4 4 7 0 . 3 8 
6 .925 0 . 12 
7 .435 - 0 . 12 
7 . 9 7 5 - 0 . 3 2 
8 .546 - 0 . 4 7 
9 . 1 4 6 - 0 . 5 9 
9 . 7 7 5 - 0 . 6 6 
10 .432 - 0 , 72 
1 1 . 117 - 0 . 7 4 
11 .829 - 0 . 7 4 
12 .569 - 0 . 71 
13 .336 - 0 . 6 8 
14 .131 - 0 . 6 5 
14 .952 - 0 . 6 0 
15 .801 - 0 . 5 6 
16 .677 - 0 . 5 0 
17 .580 - 0 . 4 5 
18 .511 - 0 . 4 1 
6 .863 0 .00 
6 .866 0 .50 
6 .875 1.00 
6 .889 1.50 
6 .910 2 .00 
6 .936 2 .50 
6 .967 3 .00 
7 .003 3 .50 
7 .053 4 . 0 0 
7 .086 4 , 5 0 
7. 134 5 .00 
7. 184 5 .50 
7 .236 6 .00 
7 .290 6 .50 
7 .345 7.00 
7 .401 7 .50 
7 .457 8 .00 
7 .513 8 .50 
7 .569 9 .00 
7 .623 9 . 5 0 
7 .677 10 .00 
7 .729 10 .50 
7. 779 11.00 
7 .828 11.50 
7 .875 12 .00 
7.920 12 .50 
7.963 13 .00 
8 .004 13 .50 
8 .044 14 .00 
8 . 0 8 1 14 .50 
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Table 10. 
Rapidity of Convergence for Three Pole-One Zero Root-Locus Solution 
i cj -fl- e x 10 
J n w n n 
0.500 7.06262 - 466.50 
7.26262 - 949.90 
7.46262 -1447.0 
7.66262 -1960.0 
6.89949 - 79.66 
6.86717 - 3.64 
6.86562 - 0.004 
1,000 7.06562 - 886.3 
6.86562 41.3 
6.87452 0.31 
1.500 7.07459 -1246.4 
6.87464 98.8 
6,88932 0,66 
5.000 7,28650 -2138.2 
7.08650 658.9 
7.13361 0.96 
10.000 7.82318 -1820.3 
7.62310 665.5 
7.67666 - 0.74 
20.000 8.56579 -1468.2 
8.36577 172.4 
8.38679 - 0.12 
T a b l e 1 1 . Rap id i t y of C o n v e r g e n c e to B r e a k a w a y Po in t 
Solution for F o u r P o l e s - O n e Z e r o 
C<K e n x 10 -5 
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12 .000000 - 1 3 9 7 6 . 0 0 
11 .380123 - 7 2 2 6 7 . 0 0 
11 .365028 - 1718 .00 
11 .363610 - 147.00 
11 .363615 0 . 4 7 
Solut ion for T h r e e P o l e s - O n e Z e r o 
ex. eh x 10"5 
6.8000000 2629.80 
6.8632972 295.50 




P r o g r a m for Root-Locus Solution of Uncompensated System 
Box Card Order Remarks 
No. No. 
01 0199 in columns, 77, 78, 79, and 80 Problem No. 
02 1 500 501 550 Compute oc 
03 3 550 503 551 
04 2 551 551 552 
05 2 500 501 553 
06 -3 553 503 554 
07 1 552 554 555 
08 0 300 555 555 
09 -1 551 555 556 
2 10 7 300 556 556 Punch e* 
11 9 800 002 000 Program Point 2 
3 12 1 504 556 580 Compute cr; 
4 13 1 500 580 557 ^ - a~n 
4 14 1 501 580 558 P* ~ <*$ 
15 9 800 003 000 Program Point 3 
5 16 1 561 510 562 Compute jcof 
17 9 800 004 000 Program Point 4 
6 18 3 562 557 575 Compute 0 
6 19 3 562 558 576 0 
6 20 3 562 580 577 Z 
6 21 0 305 575 585 
6 22 0 305 576 586 
6 23 0 305 577 587 & °* &> 
7 24 1 900 900 508 Send Zero to "508" 
8 25 8 700 580 005 Test CF£ 
9 26 1 900 506 508 Send -rr to "508" 
27 9 800 005 000 Program Point 5 
10 28 1 585 586 566 Compute Ct* 
10 29 1 566 587 566 * 
10 30 1 566 508 566 
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Tab le 12. Cont inued 
P r o g r a m for R o o t - L o c u s Solut ion of U n c o m p e n s a t e d S y s t e m 
Box Card Order Remarks 
No. No. 
11 31 1 506 566 565 Compute g* 
12 32 7 201 561 560 Transfer ju/,* ro J u>£"' 
12 33 7 201 562 561 vi^h^'ro iwhK 
12 34 7 201 564 563 eR r© e£-' 
12 35 7 201 565 564 ^h T0 e h 
13 36 7 300 560 564 Punch J X , ^iT', e * > e i ^ 
14 37 B 700 512 006 Test,"512" to P. P. 6 if pos. 
15 38 -i 564 563 509 Compute d*fl 
16 39 8 700 509 003 Test "509" to P. P. 3 if pos. 
40 9 800 006 000 Program Point 6 
17 41 -1 511 901 511 Subtract one from "511" 
18 42 i 512 901 512 Add one to "512" 
19 43 8 700 511 003 Test "511" to P. P.. 3 if pos. 
20 44 -2 560 564 567 Compute Jk\ 
20 45 4 561 563 567 














Trans, to P. P. 4 until €h <iO 
22 49 2 580 580 569 Compute K 
22 50 ^ 557 557 570 
22 51 Z 558 558 571 
22 52 z 562 562 572 
22 53 1 572 569 569 
22 54 1 572 570 570 
22 55 : 572 571 571 
22 56 0 300 569 569 
22 57 0 300 570 570 
22 58 0 300 571 571 
22 59 2 569 570 573 
22 60 2 573 571 57 3 
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Table 12. Continued 
P r o g r a m for Root-Locus Solution of Uncompensated System 
Box Card Order Remark 
No. No. 
22 61 3 573 553 582 
-
23 62 7 201 562 581 Transfer J oô  to punch 
23 63 7 201 564 583 e!T' 
23 64 7 300 580 583 Punch m)^^)hie^"
f 
24 65 -2 901 580 556 Transfer - GT» to cr*,./ 
24 66 7 201 562 561 Jcof? to J M J , 
25 67 8 100 030 002 ' Transfer to P, P. 2 thirtytimes 
26 68 0 000 000 000 Stop 
69 2 320 000 051 500:p3 
1 260 000 051 501 ip^ 
0 000 000 000 502:P/ 
3 000 000 050 503:3. 0 
5 000 000 049 504:0. 5 
70 3 141 592 750 506: IT 
-2 000 000 050 507:»2. 0 
0 000 000 000 508:0. 0 
1 000 000 050 509:1. 0 
71 2 000 000 049 510:0. 2 
3 000 000 050 511:3. 0 
-2 000 000 050 512:-2.0 





000 000 504:0. 0 
Zero in col. 7, 8, 9, and 10 
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Table 13. 
P r o g r a m for Gain Solution of Uncompensated System along Real Axis 
Box Card Order Remarks 
No. No. 
01 0199 in columns 77 78, 79 and 80 P rob lem N 
02 9 800 001 000 P r o g r a m Point 1 
1 03 1 500 504 520 Compute G~n 
2 04 -1 501 520 521 fc»- *~h 
2 05 -1 502 520 522 / » * - «"-#! 
3 07 2 520 521 519 Compute K 
3 08 2 519 522 519 
3 09 3 519 501 519 
3 10 3 519 502 519 
4 11 7 300 519 520 Punch O^, K 
5 12 7 201 520 500 T r a n s . O^to G7i -1 
6 13 8 100 025 001 Trans , to P . P . 1 25 t imes 
14 9 800 002 000 P r o g r a m Point 2 
7 15 1 505 901 520 Compute: CTyy 
8 16 - 1 520 501 521 «7* - p3 
8 17 - 1 520 502 522 °7,-/=>* 
9 18 2 520 521 519 Compute K 
9 19 2 519 522 519 
9 20 3 519 501 519 
9 21 3 519 502 519 
10 22 • ; 300 519 520 Punch Gfi, K 
11 23 7 201 520 505 Trans , c^ to <?h-l 
12 24 3 200 020 002 Trans , to P . P., 2 20 t imes 
13 25 G 000 000 000 Stop 
26 0 000 000 000 500: 0.0 
2 320 000 051 501: P j 
502: p 2 
503: P / 
504: 0. 5 
1 260 000 051 
C 000 000 000 
5 000 000 049 
2 320 000 051 505: p3 
27 0000 in columns 7, 8, 9 and 10 
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Table 14. 
P r o g r a m for Root-Locus Solution of Compensated System 
Box Card Order Remarks 
No. No. 
01 0199 in columns 77, 78, 79 and 80 Problem No. 
1 02 1 502 503 520 Compute &C) 
1 03 3 520 505 520 
2 04 -1 520 500 521 Compute 6, 
2 05 -1 520 502 522 
2 06 -1 503 520 523 
2 07 -1 504 520 524 
2 08 3 901 520 525 • 
2 09 3 901 521 526 
2 10 3 201 522 527 
2 11 3 901 523 528 
2 12 3 901 524 529 
2 13 I 525 527 530 
2 14 -1 530 526 530 -
2 15 -1 530 528 530 
2 16 -1 530 529 530 
3 17 I 520 506 532 Compute o£^ 
18 9 800 001 000 Program Point 1 
4 19 -1 532 500 521 Compute £ _ 
4 20 -1 532 502 522 
4 21 -1 503 532 523 
4 22 -1 504 532 524 
4 23 3 901 532 525 
4 24 3 901 521 526 
4 25 3 901 522 527 
4 26 3 901 523 528 
4 27 3 901 524 529 
4 28 1 525 527 531 
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Tab le 14. Cont inued 
P r o g r a m for R o o t - L o c u s Solut ion of C o m p e n s a t e d S y s t e m 
B o x C a r d O r d e r R e m a r k s 
No. No. 
4 29 -1 531 526 531 
4 30 -1 531 528 531 
4 31 -1 531 529 531 
5 32 -2 520 531 534 C o m p u t e vLfc + j 
5 33 4 530 532 534 
5 34 - 1 530 531 5 3 5 
5 35 3 534 535 533 
6 36 7 300 530 533 P u n c h &H~n e^jrOC* ; <*-**/ 
7 37 7 201 531 530 T r a n s f e r Q^ t o 6 f t „ / 
7 38 7 201 532 520 «-/< t o <X K - / 
7 39 7 201 533 532 
T r a n s , to P . P . 1 un t i l Q^ < IQ 8 40 8 845 530 001 
41 9 800 002 000 P r o g r a m P o i n t 2 
10 42 - 1 506 532 580 Compu te G7i 
11 43 1 504 580 537 P4 - «~h 
LI 44 1 503 580 538 P 5 ~ OTj 
11 45 1 502 580 539 £>*. - &7> 
11 46 1 500 580 540 X, - On 
47 9 800 003 000 P r o g r a m P o i n t 3 
12 48 1 561 507 562 Compu te J ^ O * 
49 9 800 004 000 P r o g r a m P o i n t 4 
13 50 3 562 537 541 Compute 
13 51 3 562 538 542 *+ 
13 52 3 562 539 543 03 


























p, 0 ^ 7 7 - Pi 
13 58 0 305 544 549 
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Tab le 14. Cont inued 
P r o g r a m for R o o t - L o c u s Solut ion of C o m p e n s a t e d S y s t e m 
Box C a r d O r d e r R e m a r k s 
No. No . 
13 59 0 305 545 550 
14 60 1 900 900 551 Send Zero to Address "b" 
15 61 -1 901 539 552 Dete rminati on 
15 62 8 700 552 005 of 
15 63 -2 901 540 553 Region 
15 64 8 700 553 006 of 
15 65 8 700 580 006 Computation 
15 66 9 800 005 000 
15 67 1 900 508 551 
68 9 800 006 000 Program Point 6 
16 69 -1 549 546 566 Compute a* 
16 70 -1 566 547 566 ft 
16 71 -1 566 548 566 
V 72 -1 566 550 566 
16 73 -1 566 551 566 
















18 76 7 201 562 561 J V # tO J *JK 
18 77 7 201 564 563 e£-' ec 
18 78 ? 201 565 564 e£ to 
18 79 7 300 560 564 Punch Jw^-'j J u)M
K
> 
7 if pos. 19 80 8 700 509 007 Test "509" to P. P. 
20 81 -1 564 563 510 Compute d* 
21 82 8 700 510 003 Tested to P.P. 3 if pos. 
83 9 800 007 000 Program Point 7 
22 84 -1 511 901 511 Subtract one from '511" 
23 85 1 509 901 509 Add one to "509" 
24 86 8 700 511 003 Test "511" to P.P. 3 if pos. 
25 87 -2 560 564 567 Compute J < ' 
25 88 4 561 563 567 
25 89 -1 563 564 568 
25 90 3 567 568 562 
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Table 14. Continued 
P r o g r a m for Root-Locus Solution of Compensated System 
Box Card O rder Remarks 
No. No. 
2- 91 8 845 564 004 Trans, to P. P. 4 until e* < /O* 
27 92 2 580 580 554 Compute K 
27 93 2 537 537 555 
27 94 ••> L. 538 538 556 
27 95 2 539 539 557 
27 96 Z 540 540 558 
27 97 2 562 562 559 
27 98 1 559 554 554 
27 99 1 559 555 555 
2 7 100 1 559 556 556 
27 101 1 559 557 557 
27 102 1 559 558 558 
27 103 0 300 554 554 
27 104 0 300 555 555 
27 105 0 300 556 556 
27 106 0 300 557 557 
27 107 0 300 558 558 
27 108 2 554 555 555 
27 109 ? 555 556 555 
27 110 2 555 557 555 
27 111 3 555 558 555 
27 112 3 555 502 555 
27 113 3 555 503 555 
27 114 3 555 504 555 
Z' 115 I 555 500 582 
28 116 1 201 562 581 Trans. J uij* to punch 
28 117 1 201 564 583 Trans, fc^'to punch 
28 118 7 300 580 583 Punch O*, 4t»* , H, e j ^ 
29 119 -2 901 580 532 Trans. C^ to O"))..* 
29 120 7 201 562 561 j co* to Jo>*» t 
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30 
Tab le 14. Cont inued 
P r o g r a m for R o o t - L o c u s Solut ion of C o m p e n s a t e d S y s t e m 
121 8 100 040 002 Trans to P. P. 2 forty times 
122 0 000 000 000 Stop 
123 4 420 000 050 500: 2, 
0 000 000 000 501:p, 
1 010 000 051 502:P2_ 
:. 290 000 051 503:p3 
504 :Ptf 2 320 000 051 
2 000 000 050 505:2. 0 
124 s 000 000 049 506:0. 5 
2 000 000 049 507:0. 2 
3 141 592 750 508: TT 
-2 000 000 050 509.-2.0 
1 000 000 050 510:1. 0 
3 000 000 050 511:3. C 
125 C 000 000 000 561:0. 0 
126 0 000 000 000 564;0. 0 
127 000 in c o l u m n s 7, 8, 9 and 10 
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Table 15. 
P r o g r a m for Gain Solution of Compensated System Along Real Axis 
Box Card Order Remarks 
No. No. 
78, 79 and 80 P rob l em No, 
P r o g r a m Point 1 
Compute K 
01 0199 in L columns 77, 
02 9 800 001 00D 
1 03 i 500 508 500 
2 04 -1 501 500 520 
2 05 1 503 500 521 
2 06 -1 504 500 522 
2 07 -1 505 500 523 
2 08 2 500 521 521 
2 09 2 521 522 521 
2 10 c 521 523 521 
2 11 2 521 501 521 
2 12 3 521 520 521 
Z 13 3 521 503 521 
2 14 3 521 504 521 
I 15 3 521 505 525 
3 16 . 7 201 500 524 
3 17 7 300 524 525 
4 18 8 100 021 001 
19 9 800 002 000 
5 20 1 506 508 534 
6 21 -1 505 534 527 
6 22 -1 504 534 528 
6 23 -1 534 503 529 
6 24 -i 534 501 530 
6 25 2 534 527 527 
6 26 2 527 528 527 
6 27 2 527 529 527 
Move C^ t o <T^-, 
Punch OT,., , jf\ 
T r a n s , to P . P . 1 21 t imes 




Table 15. Continued 
P r o g r a m for Gain Solution of Compensated System Along Real Axis 
Box Card Order Remarks 
No. No. 
6 28 2 527 501 527 
6 29 3 527 530 527 
6 3C 3 527 503 527 
6 31 3 527 504 527 
6 32 3 527 505 535 
7 33 7 201 534 506 Move CT7, to G~in-) 
7 34 7 300 534 535 Punch. C77, , K 
8 35 8 200 014 002 Trans, to P. P. 2 14 times 
36 9 800 003 000 Program Point 3 
9 37 1 507 509 544 Compute 0>^ 
10 38 -1 544 505 537 Compute K 
10 39 -1 544 504 538 
10 40 -1 544 503 539 
10 41 -1 544 501 540 
10 42 ?, 544 537 545 
10 43 2 545 538 545 
10 44 2 545 539 545 
10 45 2 545 501 545 
10 46 3 545 540 545 
10 47 3 545 503 545 
10 48 3 545 504 545 
10 49 3 545 505 545 
11 50 7 300 544 545 Punch CT% , K 
11 51 7 201 544 507 Trans. C£ to Q~~n~t 
12 52 8 300 020 003 Trans, to P. P. 3 20 times 
53 0 000 000 000 Stop 
54 0 000 000 000 500:0. 0 
4 420 000 050 501 :Z, 
0 000 000 000 502:p 
1 010 000 051 503 :p2 
504:p3 
505 :p! 
1 290 000 051 
2 320 000 051 
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Table 15. Continued 
P r o g r a m for Gain Solution of Compensated System Along Real Axi3S 
Remarks Box Card Order 
No. No. 
55 1 010 000 051 
2 320 000 051 
2 000 000 049 





56 0000 in columns 7, 8, 9 and 10 
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T a b l e 16. 
P r o g r a m for R o o t - L o c u s Solut ion with. P a r a l l e l T C o m p e n s a t i n g N e t w o r k 
































0199 in c o l u m n s 77 , 78, 79, and 80 P r o b l e m No. 
C o m p u t e <X ( 
e, 
3 502 504 520 
1 502 520 521 
1 500 520 522 
1 503 520 523 
3 901 520 524 
? 901 521 525 
3 901 522 526 
3 901 523 527 
1 524 526 528 
1 528 525 528 
1 528 527 528 
1 520 505 530 
9 800 001 000 
1 502 530 521 
1 500 530 522 
] 503 530 523 
3 901 530 524 
1 901 521 525 
3 901 522 526 
3 901 523 527 
1 524 526 529 
1 529 525 529 
1 529 527 529 
2 520 529 534 
4 528 530 534 
] 528 529 535 
3 534 535 531 
7 300 528 531 
7 201 529 528 
Compute °^z. 
P r o g r a m Po in t 1 
Compute Q 
C o m p u t e **•* + y 
Punch e K . / / e > t ) ^ l c < / C f / 
T r a n s f e r e to o 
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Table 16. Continued 
P r o g r a m for Root-Locus Solution with Pa ra l l e l T Compensating Network 
Box Card Order Remarks 
No. No. 
7 31 7 2 0 1 530 5 2 0 T r a n s f e r °<X t o 0<K-I 
7 32 7 2 0 1 531 530 oCH+f to <x ft 
8 33 8 845 529 001 T r a n s , tc P . P . 1 un t i l SH <fo 
34 7 2 0 1 530 5 6 1 T r a n s . ©< mtv " 5 6 1 " 
35 9 8 0 0 002 000 P r o g r a m Po in t 2 
9 3 6 : 536 5 0 5 580 C o m p u t e J H 
37 9 800 0 0 3 000 P r o g r a m Po in t 3 
10 38 1 561 5 0 6 562 Compute w h 
39 Q 800 004 000 P r o g r a m Po in t 4 
11 40 1 5 0 3 562 537 C o m p u t e 
11 41 • 1 5 0 2 562 538 7T~ $ 
11 42 -1 5 0 0 562 539 03 
11 4 3 3 580 562 5 4 0 
•* 1] 44 3 580 5 3 7 5 4 1 
u 4 5 3 580 5 3 8 5 4 2 e, 11 46 3 5 8 0 539 5 4 3 I 
11 47 0 3 0 5 540 5 4 4 
11 48 0 3 0 5 541 5 4 5 
11 49 0 3 0 5 542 5 4 6 
11 50 0 3 0 5 5 4 3 547 
12 51 1 5 4 4 547 5 6 5 Compute e* 












560 T r a n s f e r O^i t o <** 
. 3 55 7 2 0 1 562 561 <r£ to «-JT' 
13 56 7 2 0 1 564 563 e%" to e j " z 
13 57 1 2 0 1 5 6 5 564 e* to e 5 w 
14 58 1 300 560 5 6 4 P u n c h QT 
15 59 8 700 510 0 0 5 T e s t "51C " to P . P . 5 if p o s . 
16 60 - 1 5 6 4 5 6 3 509 Compute 4* 
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Table 16. Continued 
P r o g r a m for Root-Locus Solution with Pa ra l l e l T Compensating Network 

























Test "509" to P.P. 3 if pos. 
Program Point 5 
Subtract one from "508" 



















Test "508n to P. P. 3 if pos. 

































23 73 • 1 500 562 552 
23 74 2 562 562 549 
23 75 2 550 550 550 
23 . 76 2 551 551 551 
2: 77 2 552 552 552 
23 78 2 580 580 553 
23 79 i 553 549 549 
23 80 1 553 550 550 
23 81 1 553 551 551 













23 85 0 300 551 551 
23 86 0 300 552 552 
23 87 2 549 550 550 
23 88 2 550 551 550 
23 89 2 550 500 550 
23 90 3 550 550 550 
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Table 16. Continued 
P r o g r a m for Root-Locus Solution with Pa ra l l e l T Compensating Network 
Box Card Order Remarks 
No. No. 
23 91 3 550 502 550 
23 92 3 550 503 581 
24 93 7 201 562 579 Move cr^to Punch 
24 94 7 201 564 582 Move e£ to Punch 
24 95 7 300 579 582 Punch a-*! j w h ) ftj e£ 
Trans. u<*>n to Jwn-/ 25 96 7 201 580 536 
25 97 7 201 562 561 <rp to a-fL, 
26 98 6 100 060 002 Trans, to P. P. 2 60 times 
99 0 000 000 000 Stop 
100 1 800 000 051 500:2, 
0 000 000 000 501 ;p, 
1 260 000 051 502:pA 
503:p 
504:2. 0 
l 320 000 051 
2 000 000 050 
5 000 000 049 505:0. 5 
101 I 000 000 049 506:0. 2 
0 000 000 000 507:0. 0 
3 000 000 050 508:3. 0 
1 000 000 050 509:1.0 
-2 000 000 050 510:-2.0 
102 0 000 000 000 534:0. 0 
103 0 000 000 000 564:0.0 
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Figure 33* Ampl i f ier Schematic Diagram. 
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